Review Packet for Final Exam

Material since Exam #3

Math 12-D. Benedetto

Polar Coordinates: For each problem, sketch the polar curve(s) and answer the related ques-
tion(s).

1. Find the area bounded by r = 2sin 6.

First note that this is just a circle of radius 1, so the area should be 7. We will use the area
formula for polar curves to double check this. It’s important to note that one cycle of the
polar circle closes up on itself as 6 ranges from 8 = 0 to just 8 = 7.
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2. Find the area bounded by one petal loop of the 4 leaved rose r = 3sin(26).
B

It’s important to note that one loop of the polar petal closes up on itself as 8 ranges from
0 =0 to just 6 = 7.
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3. Find the area bounded by r = 6 with 0 < 0 < 27
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4. Find the area bounded by the cardioid r = 2 + 2sin 6.

-5 -4

It’s important to note that one full cycle of the cardioid closes up on itself as 6 ranges from
0 =0to6=2r.
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5. Find the area bounded inside r = 2 + 2 cos # and outside r» = 3.
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These two polar curves intersect when 2 4+ 2cosf = 3 = 2cosf) =1 = cosf = % =0=-

or § = % . Using symmetry, we will integrate from 6 =0 to § = § and double that area.
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6. Find the area bounded inside = 2sin 6 and outside r = /2.
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These two polar curves intersect when 2sinf = /2 = sinf = ? =0=7tol= %’r . Using
symmetry, we will integrate from 6 = 7 to 6 = 5 and double that area.
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7. Find the area bounded inside r = 3 + 3sin 8 and outside r = %.
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These two polar curves intersect when 3 + 3sinf = % = 3sinf = % = sinf = % = 0= % to
0= %’r . Using symmetry, we will integrate from 6 = & to 6 = 5 and double that area.
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Differential Equations: Solve each of the following differential equations, finding either
the general or particular solution, as needed.

. ;l—y = —6xy with y(0) =7  Separable
x
1
—dy = —6zdx
Yy

Antidifferentiate: In|y| = =322+ C = y = +eCe=37" or y= Ke= 3" where K = +¢C.
Use intitial-condition: 7= Ke’ = K =7

Finally, |y = 7e3%"
dy : . .
Lo Y= with y(1) =7  Linear First Order
x

d 1
Linear Form: <7 — —y =

dr =

1
/P(w) dx /— dx i 1

Integrating Factor: I(z) =e —e) T el — (leTt) = 2

1
Take I(z) = —.
x

Multiply Diff. Eq. in its linear form by I(x):
ldy 1 1
cvdr 227

(2) -
—y) ==
T T
Antidifferentiate:

1

—y=I|z|+C=y=z(n|z|+C)

x

Use intitial-condition: 7= 1(In(1) +C) = C =7

Finally, y = z(In|z| + 7) or ’y =Tz + zln|x| ‘

d
. ﬁ = 6z(y — 1)% Separable
1
——dy = bxdx
(y—1)3

1
Antidifferentiate: /2 dy = /Gx dz
(y—1)3

1 =y —
u-substitution [ — du = / 6z dx u=y-—1
us du = dy




11.

12.

Finally, (y — 1)%

3z24-C
3

5, C
=x"+ - =

3

(y—1) = <x2—|—§>3:>

C
or y = (v? + K)? + 1 where the constant K = 3

dy
dx

already in) Linear Form: @ + 3y = 2xe
( y o T3

—Z 4+ 3y = 2ze 3  Linear First Order

—3z

/P(:z:) dx /3 dx
Integrating Factor: I(z) = e =e =¥

Take I(x

) =

e37,

Multiply Diff. Eq. in its linear form by I(z):

32 %Y + 3e3xy = 2xe”

dzx

3z63x

32Uy 337y = 22¢”

dzx

32 4 + 3e3my =2z

dx
Recognize left side as a product rule derivative:
(¢3y) = 20
Antidifferentiate:
22+ C
e3xy:w2+C:>y:eT
Finally, |y = e 3% (22 + O)
dy : .
2xd— +y =10z Linear First Order
T
d 1 5
Linear Form: cTy + % = ﬁ
1
/P(x) dx — dz ) 1
Integrating Factor: I(z) =e —el 22 — eaInlzl — oIn(z]2) — NG
Take I(z) = /x
Multiply Diff. Eq. in its linear form by I(x):
d x
\/E—y + \/;y =5

\F

y—5

Recognlze left side as a product rule derivative:
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13.

14.

(Vay) =5

Antidifferentiate:

\/Ey:5x+0:>y:5x+c

NZ3

Finally, |y = 5,7 + Ca~2

d

ﬁ = (1+y?)e® Separable
1 x

Tig? dy = edz

1
Antidifferentiate: / dy = / e’ dx
L+ y?

arctany = e® + C

Finally,

y:tan(ez—i—C)‘

dy

— +2zy =2 with y(0) =—2  Linear First Order

dx

d
(already in) Linear Form: cTy +2zxy =2
x

/P(x) dx /23: dz )
Integrating Factor: I(z) = e =e =e”

Take I(z) = *”
Multiply Diff. Eq. in its linear form by I(z):
2

d
e + 2mem2y = ze”

dx
Recognize left side as a product rule derivative:

(er y)l = ze®’

Antidifferentiate:
1
e"’“"Qy = /ace"j2 dr = 56962 + C using u-substitution.

1
§€x2 +C 5
Sy= S my=5+0e”

1 5
Use intitial-condition: —2 = 3 +Ce = C = —3

1
Finally, |y = = — —e




15.

d
ﬁ =Inzy/1—-9y2  Separable

1

V1 — 2
- . 1 1
Antidifferentiate: \/ﬁ dy= | mzdr=axlnzx— [ z—dr=xlnhx— [ 1dx

dy =Inzx dx

u=Inzx dv = dx

1
du=—dxr v=ux
T

arcsiny = xIlnx — x + C by Integration by Parts

Finally, |y = sin(zlnz — 2z + C) ‘

dy  warctanz

16. —== Separable
dx
y dy = xarctanx dx
Antidifferentiate: / y dy = / rarctanx dx
Integration by Parts:
u = arctan x dv=x dz
1 2
du = a2 dr v=—
y2 1.2 . /
=— = —arctanz — -
2 2 2 ) 22+ 1
y? oz 1 / 22 +1-— 1
— = —arctanx —
2 2 2 2 +1
y?  a? . / 2?2+ 1 d
= = —arctanx —
2 2 2/ a2+1 x2 +1
2 2 1 1
y:xarctan:c/l dx
2 2 2 2 +1
2 2
1
y? = % arctan z — 3 (x —arctanz + C)
y2 = g2 arctanx — = + arctanz — C
Finally, |y = £v22arctanx — = + arctanz — C
3dy 2 3 : :
17. z e +a‘y =22"+1  Linear First Order
x
d 1 1
Linear Form: e +—y=2+—
dr = x3

10



18.

1
/P(x) dx / -
Integrating Factor: I(z) =e e T =elnlel =g
Take I(z) =z
Multiply Diff. Eq. in its linear form by I(z):
dy 1
29 — oy
T +y T+ 2
Recognize left side as a product rule derivative:
1
!/
=%+ —
(zy) T+ 2
Antidifferentiate:
:Uy—/2:r—|—x_2 dr=a2?>—zt+C
1 C
Finally, |y =2 — — + —
x x
dy : . :
(1+ :L‘)df +y=cosz with y(0) =1  Linear First Order
x
d 1
Linear Form: -7 + _ oot

der 1+ 2771 +z
/P(x) dx / ! dx
Integrating Factor: I(z) = e —el 1+ = elnll+el — |1 4 g
Take I(z) =1+
Multiply Diff. Eq. in its linear form by I(x):
dy

1 = =
( +:L‘)d$+y cos

Note this puts it back into the original form. Technically we didn’t need the integrating factor
here, but it’s ok if you don’t see that right away. The integrating factor still gets you into the
right form regardless.

Recognize left side as a product rule derivative:

(1 +2)y) =cosz

Antidifferentiate:
sinz 4+ C
(1+2)y /cosx r =sinx + ] Tz
Use intitial-condition: 1 = sin0+ ¢ =C=1
1+0
sinz + 1

Finall = —

inally, |y e
dy 2 .

19. e 3(y + 7)z° is both linear and separable.
x

Solve it both ways and compare your answers.
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First, Separable

1
—— dy=32>d
y+7y xr° ax

1
Antidifferentiate: / ——dy = / 322 dx
y+7

:>1n\y+7\:x3—|—0:>\y+7|:ez3+czex3eoz>y+7:j:ece$3

Finally, |y = -7+ K ¢®" | where the constant K = +e€

>3k >k >k ok sk sk sk sk sk sk sk skosk sk sk skoskosk sk sk ok ok skook ok sk okokoskokokoskokoskokok ok ok ok

Second, Linear First Order

dy _ 2

d
Y _ 322y 4 2122
dx

d
Linear Form: d—y — 3$2y = 2122
T

/P(x) dx /—3:(}2 dx s
Integrating Factor: I(z) =e =e =e”

Take I(z) = e’
Multiply Diff. Eq. in its linear form by I(x):
d
_z3 Y
© dr
Recognize left side as a product rule derivative:

—x3 ! 2 —x
(e y) = 21x“e

— 33626_””31/ = 21z2e

3

Antidifferentiate:
e_msy =21 /.7:269’33 dr = 3 /e” du=—Te"+C =—-Te* +C
u=—z
du = =322 dx
1
—= du = 2% dx
3
—Te " +C
Then e 'y = —Te™™ +C =y = c $3+
-

Finally, |y = -7+ Ce™’ | Match!
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