Math 12 Midterm Exam #3 April 27, 2011

Answer Key

1. [15 Points] Find the Interval and Radius of Convergence for each of the following power
series. Analyze carefully and with full justification.

L (2n)! g2l
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Use Ratio Test.
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(3n)!
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= lim (2n+2)2n +1)lz] 0 <1 for all x.

n—oo (3n + 3)(3n + 2)(3n + 1)
The Ratio Test gives convergence for all x. So Interval of Convergence m with Radius

of Convergence .

(b) Z 3z +5)"

2
= on "
Use Ratio Test.

(3z + 5)"Hl
.| (n+ 1)t (3z 4 5)" ! n? ™ 13z + 5|
lim [————| = lim . . =
n27n
|3z + 5|

The Ratio Test gives convergence for = when <lor[3z+5<T.

2
Thatis - 7<32x+5<7T=—= —-12<32<2=— 4d<z< =

3
Endpoints:
2 = ™ =1
T = 3 The original series becomes g —an = nzo 2 which is a convergent p-series with p =2 > 1.

™ n27n — n?

Absolute Convergence Test since the absolute series above converges (can also use AST here, but
not needed if you use ACT)

AR N G LA G ) LN
= —4 The original series becomes Z 2 Z = Z which is convergent by
=0



Finally, Interval of Convergence

2.

Find the Taylor polynomial of degree 3 for

2
1= [—4, } with Radius of Convergence

3

[10 Points|

Consider the function f(z) that satisfies the following

f(4) =2
f'(4)=-3
1 _ 6
f'(4) = -
f7(4) = -

Tyx) = )+ @ -2+ L@z T gy
g 2 1 3
:2—3(3:—4)4-5(3:—4) —g(x—él)
= 2—3(%‘—4)—!—%(1’—4)2—%(3:—4)3
3. [10 Points]

State the Radius of Convergence for each series. Your answer should be in sigma notation Z

(a) f(z) = a2

n=0
Then e=°% E
n=0 n=0
n3n n

Finally, 22e73% = 22 Z

TL3TL n

R=_]|

f(x) centered at a = 4.

Find the MacLaurin series representation for each of the following functions.




(b) f(x) = zarctan(3x)

First arctanz = f1+1 5 da::/1 (1 2y d:c:/ E (—x2)n dx :/ g (—1)"z*" dx
x —(—=
n=0 n=0

o0 x?n—i—l
= z:(—l)"2 e Here R=1or |z| < 1.
n
=0

o0 oo
(31,)271—}-1 32n+1$2n+1
Next, arct S N | L S (N
ext, arctan(3x) Z( ) o 1 Z( ) o+ 1
oo [e.¢]
32n+1 2n+1 32n+1 2n+2
Finally, x arctan(3z) = xnz_:o(— il 7;) Tf—l Here |3z| < 1 so |z| < 3,

_1
orR—3

4. [10 Points] Use a Power Series representation for xIn(1 + z3) to estimate the given integral

within the given error. Justify in words that your error is indeed less than 10"

1
1
Estimate / zIn(1 +23) de  with error less than —
0

10
1 o0 (oo}
First = =) ()" =) (-1)"a"
1+ 1—(—=x) nZO nz%
(e ¢} (o)
(_1)nxn+1
Then, In(1+z) = fz 27
= n +1
o (o)
(_1 n n+1 n 3n+3
Nest, In(1 4 %) = 3 CD @ o ()1
= n —l— 1 = n+1

)n 3n+3 e (_1)nx3n+4
Finally, z In(1 + 2?) _mz = A

n+1 _nﬂ n+1
1 (—1)”x3”+4 o (_1)nx3n+5 1
Now, / zln(l + %) do = / —— dx =
25 28 21

1
1 1 1 1
= =l s+ ) —(0=-04+0+...)=| =
5 8-2+11-3+ 0 <5 16+33+ > ( +0+..)
Note this is an alternating series. Use the Alternating Series Estimation Theorem. If we approx-
imate the actual sum with only the first term, the error from the actual sum will be at most the

1 1 1
absolute value of the next term, 6 Here 16 < 0 as desired.



9. [15 Points] Find the sum for each of the following series.

o —1)n7n o T\ 7
I

X (1) & (—1) (E)T ™ _|V3
(b>§0( & -y E s (5) -

2 !
627 (2n)! =

0 (_1)717.(.271 B 0 (_1>n7.‘.2n B o0 (_1)71,7.(.271 B 0 (_1)71 (K)2n
(c) T;) 9n(2n +1)! z:% (32)n(2n +1)! z:(:) 32n(2n + 1)1 Z (2n +?i)!
-3

Haky - QR - (=603

3

6. [20 Points] Volumes of Revolution

(a) Consider the region bounded by y = cosz, y = ¢* +2, x = 0, and z = g Rotate this

region about the horizontal line . Set-up, BUT DO NOT EVALUATE!!, the integral
to compute the volume of the resulting solid using the Washer Method. Sketch the solid, along
with one of the approximating washers.

See me for a sketch.

jus

V= / 7 ((outer radius)® — (inner radius)?)) dz = w/2 (e® +5)% — (cosz + 3)? dx
0 0

(b) Consider the region bounded by y = ¢*, y = Inz, x = 1 and x = 2. Rotate the region about
the y-axis. COMPUTE the volume of the resulting solid using the Cylindrical Shells Method.
Sketch the solid, along with one of the approximating shells.

See me for a sketch.

2 2 2 2
V= / 27 radius height dx = / 2rx(e” —Inx) de =27 (/ xe® dr — / zlnz dac) I.B.P. here
1 1 1

1
for both pieces
2 2 2 2
4 4 1 1
1— <$21nx—z> 1) =27 ((262—62—(61 —el)) — <2ln2— i <21n1—4>>>

—27r<:rex—ex
2 1 2 3
=27 6—21n2—|—1—1 =127 e—ln4—i—1

7. [20 Points] Consider the Parametric Curve represented by © = 3 — 2t and y = e! + e




a) Compute the arclength of this parametric curve for 0 < ¢ < 1.

/\/ dt) dt = /\/ e_t)2dt:/ol\/4+62t—2+6_2tdt

= / Vet +2 e 2 dt = / (et + e*t)2 dt
0 0

1
:/ eltetdt=et—et
0

(b) Compute the surface area obtained by rotating this curve about the z-axis, for 0 <t < 1.

SA. = /01 27ry(t)\/<ccl;>2 + (2?)2 dt = /01 27ry(t)\/(—2)2 + (et —e~t)? dt

1 1
/ 21 (e' + e~ ) \/ (et + e ) dt = / 2m (e +e7") ((e" + e7") dt from part(b) above.
0 0

1
1 1 1 1
. =27 <(2€2 + 2 — 262) — (260 + 0— 260>)

=or((le2+2-Je ) - (L+0-1))=2r(3e2+2—-Le?) =71 (2+4—e?)

! 1
:(6—6_1)—(60—60):6—6_1: e— —
0 e

1
1 1
= 271'/ 24246 2 dt = 2 <2th + 92t — 2e2t>
0
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OPTIONAL BONUS

Do not attempt these unless you are completely done with the rest of the exam.
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OPTIONAL BONUS #1 Compute the sum i;
n=0

1
First Z — comes from Z nx" with z = -

n=0
R 1 g g _— n e _
ecogmzeznx an T = xZna} r (Zm) :de<1_$>
n=0 n=0
1 T
=X =
1—-z)3?) (1-ax)?
1
Finally, substituting = = = we get
1 1 1
i 5 = 7 =95 =| 2z
SO
7 7 49



n2
n!

OPTIONAL BONUS #2 Compute the sum 3
n=0

n

© 9
n°x
comes from g '

1
with z = =
n B 7

First »
mnl
n=0 n=0

R . > n2gh > n2gn1g X n-ngtl d > na d > na iy
ecognize E = E = E _— = 7r— E - = §
& n! n! ‘ n! dzx n! dz n!
n=

n=0 ’ n=0 n=0 n=0
d = nan! d d [ d (d ,
i () e (e (55 i ()
= :Ud— (ze®) = x (ze” + ) = 2%e” 4 xe”
=z = =

1
Finally, substituting z = = we get

S (Y i) e o (L) B
nl 7 7 S\49 7 149

n=0

=

© 3
OPTIONAL BONUS #3 Compute the sum Z:—n
n=0
First i n—g comes from i 32" with x = 1
n=0 3" n=0 N 7

o0 o0 o0 d oo
Recognize E n3z" = E nda" e =x E n? . ng" ! =T g n2z"
x

n=0

n=0 n= n—
i (i (e (7)) i (5 (5 ()
g (9”5 ( (<1—1x>2>>> i <xdx <<1 —xm>2>>
_ x;i (x ((1 _x)Q(l)(Ix(z)(i —:@(—1)))) _ x;i <$ <(1 _xzi(l_)i) +2x>>
el (o (5p)) <o () = ()
. <<1—w>2<<1—w><1+2x>+3<w+x2>>> _, ((1—90)(14-296)4-3(964—3:2))
(1—2)° (1—2)



1 — 2+ 2x — 222 + 32 + 322
=x =z
(1—a)t
1 OO
Finally, substituting x = -, we get
7 = 7

1+ 4z + 22

x + 422 + 23

)-
()
(-

l—x

() _

1—x

+
14
7

91
216




