Math 12 Final Exam, May 11, 2011
ANSWER KEY

1. [15 Points] Evaluate each of the following limits. Please justify your answers. Be clear if the
limit equals a value, 4+00 or —oo, or Does Not Exist.
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2. [30 Points] Evaluate each of the following integrals.
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(a)/de:/5' 2sec29d0:/5- 2sec? 0 df
(22 +4)2 (4tan? 0 + 4)2 (4sec? )2
1 1
= [ ———— 2sec’0df = [ ———— - 2sec’f db
/(\/4se020)5 wee /(2se09)5 see
1 [ sec?d 1 1 1 5
_24/sec59d0_24/sec39d9_16 cos” 0 df
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x24+4

z =2tanb
Trig. Substitute
dx = 2sec? 0do 2

Standard w substitution for odd trig. integral / cos® 0 df technique:

w =sin @

dw = cos 0 db

x? 1 sin? 6

2 2

z 1 x
b /CL’ arcsin x dx:arcsinx—/ dr = —arcsinx — = | ——-cosf df
(b) 2 2) V1—2a? 2 2/ \/1—sin%0

2 1 in% 0 2 1 in%0 2 1
. aresin x—— St .cos 6 df = T arcsin x—— / i 7 .cos df = % arcsin x—i /sin2 0do

2 2 v/ C082 0 2 2 COS

2 1 [1—cos(26 2 1
= % arcsinx — 5 / C;)S()dH = % arcsin x — 1 / 1 — cos(20)d6
2 2

T . 1 1 . T . 1 1 .
=~ aresinz — - [9 —5 sm(29)] +C = 5 arcsing — 1«9 + 3 sin(20) + C

2 1 1 2 1 1
= %arcsinx — 194— §2sin0(:os€+C = %arcsinx — zarcsinx—i— Ea:\/l —z24+C

u = arcsin dv = zdz
1 x2
du = ———dx v = —
V1 —z? 2

1
x =sinf z
Trig. Substitute
dzx = cos 0df V1—22
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Long division yields:



z+1
23422 4 do + 4)rt + 223 + T2+ 8z + 7

—(z* 43 +4x2+4x)

23+ 322 +4x +7

— (2342 +4z+4)
222 + 3
Partial Fractions Decomposition:
222 +3 A Bx+C
(x4+1)(224+9) x+1 2249

Clearing the denominator yields:

202 +3=A(2*+9)+ (Bx+C)(z +1)

222 + 3 = Az? + 9A + Ba? + Cz + Bz + O)
202 +3=(A+ B)2*+ (B+C)z +4A+C
sothat A+ B=2, B+ (C=0and 4A+C =3
Solve for A=1, B=1and C = -1

3. [20 Points]  For each of the following improper integrals, determine whether it converges
or diverges. If it converges, find its value.

()/oo 1 d I /t 1 d i /t 1 d complete the
a ——————— dxr = lim —————— dxr = lim ——————— dx square
. 22— 6z + 25 5% Jo 22 — 6z + 25 500 Jo (- 3)2 + 16 d
u=x—3 r=T=>u=4
Substitute
du =dzx r=t=u=t-—3
-3 t—3 t=3
1 1 4 1
—lim [ 5 du= lim — 5 du:lim/4dv
t—oo Jyu u® + 16 t—oo 16 4 (E) 1 t—oo 16 1 2}2_’_1
4
v=79
u=4=v=1
Substitute dv:%du
u:t—3:>v:%
4dv = du
. 1 ‘ T I 1 ‘ t—3 tan 1 1(7T 7'(') 1(77) T
= lim - arctanwv = lim - [ arctan [ —— ] — arctan =—(=—=)==(-)=|—
t—o0 4 1 t—oo 4 4 4\2 4 4 \4 16

OR you could skip all the substitution steps and go straight to
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4. [10 Points] Find the sum of each of the following series (which do converge):
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N Y 16 9 48
As a result, the sum is given by lir = 1 <3 4) = Lg’ =3 G| 3
U9 9

(In7)2  (In7)? (In7)* (In7)° ~ (emn |1
(b) 1—In7+ 51 o 0 ol +...=¢ =z

T\ 2n
X (_ nﬂ_2n+1 o n..2n - -
© Z(ng:”z(l)”z ( ) =weos(5) =7 () =3

9. [20 Points] In each case determine whether the given series is absolutely convergent,
conditionally convergent, or diverges. Justify your answers.
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First, we show the absolute series is divergent. Note that — = — which is a divergent
w W verg ,;1 32 4 1 ngl —W verg

p-series with p = 1. Next,

n
3241 onr 1 .
Check: lim which is finite and non-zero. Therefore, these two series share
n—00 i T 302 +1 "3
n

the same behavior. Since Z is divergent, then Z is also divergent by Limit Comparison

Test. As a result, we have no chance for Absolute Convergence

Secondly, we are left to examine the original alternating series with the Alternating Series Test.



n

bp==—5—>0
*on =32
onh_)ngo m =0 pecause the related function f(x) = 3x++1 has negative derivative f’'(x) =
1 < 1
. -
bn+1 bn
—322+1

2
m<0WheH3l’ > 1.

Therefore, the original series converges by the Alternating Series Test. Finally, we can conclude
the original series is ’ Conditionally Convergent‘
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3
Each piece is a constant multiple of a convergent geometric series, the first one |r| = £ < 1 and the
4
second one has |r| = 3 < 1. Therefore, the orginal series is convergent, as a sum of two convergent
series.

OR we can bound the terms of the original series

3" + 4" 4"+4”_2 4\"
sn+l1 < sn+l 5\ 5

5
oo n
Note R Z (5> is convergent, since it’s a constant multiple of a convergent geometric series
n=1
4
Ir| = = < 1. Finally the orginal series is convergent by CT since we bounded the terms and the

larger series converges.

. arctann +ny/n
(c) Z n’+1

n=1

There are a couple ways to work this series.

First we can split it up into two convergent pieces.

i arctann + n%\/n Z arctann i n?\/n

n’+1 nT4+1 n’+1
n=1 =1
. arctann
We can bound the terms for the first piece —_—
P Z n’+1
arctann 3 w1
< R

<
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™ 1. . . : .
and 5 E — Is convergent since it’s a constant multiple of a convergent p-series, p = 7 > 1.
n
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arctann

Finally, since the terms are bounded, and the larger series converges, the smaller series Z 1
n

n=1
converges by CT.

5
n2

We can bound the terms for the second piece Z 1
n

1
< < —
nT+1 nT+1 .3

9
and Z — Is a convergent p-series, p = - > 1. Finally, since the terms are bounded, and the
n=1 12 2
n2

n converges by CT.

larger series converges, the smaller series E 1

n=1
Finally, since each piece is convergent, the sum of them is also convergent.
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series share the same behavior. Since Z — converges, then the series also Z 2
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The series is ’Divergent by the Ratio Test |.

6. [10 Points] Find the Interval and Radius of Convergence for the following power series.
Analyze carefully and with full justification.

L (=1)"(2z — 3)"
Z( )"( )

n n+1
n=0 6

Use Ratio Test.

(—1)n+t (22 —3)"*!
lim (n+1)67+2 | - (22 — 3)n+! on '6”Jrl |2z - 3|
n—00 (_1>n(233 —3)" | nsoo| 20-3)" | n4+1 6772 6
nen+1
|22 — 3|

The Ratio Test gives convergence for  when < lor |2z —3|<6.

3 9
Thatis—6<2x—3<6:>—3<21:<9:>—§<m<5

Endpoints:
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or = —— The original series becomes g ) = g (71)67(”1) =35 g -

n=0 n=0 n=0
which is a constant multiple of the divergent harmonic series p = 1, and therefore it’s also divergent.

39
Finally, Interval of Convergence | I = <—2, 2] with Radius of Convergence .

7. [5 Points] Write the MacLaurin Series for f () = e~*". Use this series to determine the
fourth and fifth derivatives of f(z) = e at = = 0.
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In general, the MacLaurin Series for any f is given as

1" " (4)
F0)+ f(0)x + / 2(‘0)162 + / 3('0>:B3 + / 44'(0)954 + f55('0)$5 +...

Match coefficients of like degreed terms:

O (0) = @ since the is no z° term.

(0 4|

8. [10 Points]  Please analyze with detail and justify carefully.

(a) Find the MacLaurin series representation for f(x) = z arctan x.
[e.9]

Your answer should be in sigma notation Z

— 1 1 _ - 2\ _ = n,.2n __ = nx2n+1
arctanx—/1+x2 dx/1_<_x2) dx—/nz:;(—x) _/nz::o(_l) x —Z(—l) 1

n=0
OR Memorize
e (_ 1)n$2n+1

tang = Y ~——t———
arctan x T;) 27’L—|—1

n 2n+1 o (_1)nx2n+2
xarctanx—xz —27
2n +1 = 2n+1

(b) Use the MacLaurin series representation for f(x) = x arctan  from Part(a) to

1

2 1
Estimate / rarctan dr with error less than 100"
0

8



1
Justify in words that your error is indeed less than —

100°
Jra2nt? X (L)t SRR B 27 3
tan dr — — = = 42 4.
/O‘mrcan v /Z 1 §(2n+3)(2n+1)0 3 5.3 75 |,
133 1\5 1\7
O N C) ) (1T (0 — e | L
=3 15 + 35 +...= 51 480+" 0—04+0+...)~= o1

Note this is an alternating series. Use the Alternating Series Estimation Theorem. If we approx-
imate the actual sum with only the first term, the error from the actual sum will be at most the

1 1 1
bsolute val f th tt ——. Here — < —— asd d.
absolute value of the next term, - oo € 150 < 100 & esire

™
9. [15 Points] Consider the region bounded by y = cosz, y = sinx, x = 0 and = e Rotate

the region about the | y—axis| Compute the volume of the resulting solid using the Cylindrical
Shells Method. Sketch the solid, along with one of the approximating cylindrical shells.

See me for a sketch.

V = /4 27 radius height dx = /4 2wx(cosx — sinx) dx 1.B.P. here (or can split into two
0 0
L.B.P)

u==x dv = cosx — sinx dx

du=dxr v=sinxz -+ coszx

™ s
a ry

— sinx + cosx dx
0 0

=27 | (sin (§) + cos (§)) — (0) — (—cosz + sinx) )

=2 (cc(sin x + cosx)

INE]

0
=27 (g(sin (g) + cos (%)) —(0) — ((— cos (g) + sin (g)) — (— cos 0 + sin 0)))

—2r (52 + D) - ((—8) + ) - (-140)) = |2 (F= —1)| = 2~ -1

10. [15 Points] Consider the Parametric Curve represented by & = et — ¢t and y = 4et/2.

(a) Compute the arclength of this parametric curve for 0 < ¢ < 1.

d dy
First, —m — el —1and —2 = 2et/2,
dt

1
— it t_1)2 4 2¢t/2\2 dt — 2t _ ot t
/ \/ dt) dt = / \/(e 1)2 4 (2et/2)" dt /O Vet — 2et + 1 + det dt




1 1
:/ \/62t+26t+1dt:/ \/(et—l—l)2 dt
0 0

1

=(e+1)—(e°4+0)=e+1—-1=]e]

1
:/ el+1dt=¢et +1t
0 0

(b) Set-up, BUT DO NOT EVALUATE, the definite integral representing the surface area
obtained by rotating this curve about the y-axis, for 0 <t < 1.

= [ amey (%) (D) = [ om0+ ) a

1
= / 27 (e* — t) (e* + 1) dt|from part(a) above.
0

11. [15 Points] Compute the area bounded inside the polar curve 7 = 2 + 2cos 6 and outside
the polar curve 7 = 3. Sketch the Polar curves.

=5 -4

These two polar curves intersect when 2 4+ 2cos0 = 3 = 2cos@ = 1 = cos 0 = % =0=—

or @ = 3 . Using symmetry, we will integrate from @ = 0 to # = 3 and double that area.

@[3

™

1 s i
Area = A = 2 (2/3 ((outer r)? — (inner 7)?) d0> = /3 ((2 + 2cos 6)? — 32%) do
0 0
3 0 5 1 + cos(260)
:/ 4 4+ 8cos B + 4 cos 0—9d0:/ —5+8cos0 + 4 s do
0 0

:/3 —5+ 8cos 0 + 2 + 2 cos(20) dl9=/3 —3 + 8cos 0 + 2cos(20) do
0 0

10



s
3

= —360 + 8sin 0 + sin(20)

. = (—ﬂ'—|—85in (%) -+ sin (2?”)) — (0 + 8sin0 + sin 0)

=—r+8(F)+ (L) =-r+4v3+§ = 9\2/5—77

12. [10 Points] Find the general solution for each of the following differential equations.

d
(a) & _ (Inxz) /1 —y?  Separable
dx
! d Inx d
_— =Inz dz
V1—19y?2 Y
- : 1 1
Antidifferentiate: / dy:/lncc dw:wlnw—/w da::ccln:c—/l dx
V1 —y? x
u=Inx dv = dzx
1
du=—dex v==x
T

arcsiny = xlnx — x 4+ C by Integration by Parts

Finally,

y:sin(wln:c—m—i—C)‘

Note, y = 1 trivial solution here.

dy

(b) x — —y = x%e®  Linear First Order
dx
. d 1
Linear Form: — — —y = xze”
dr «x
/P(a:) dr /— dx . 1
Integrating Factor: I(x) = e =e T = e~ Inlz| — n(lz|7") — ﬁ
x

1
Take I(x) = —
x

Multiply Diff. Eq. in its linear form by I(x):
1dy 1

_ =
T dx mzy—e

Recognize left side as a product rule derivative:

1 l4
(ev) ==
Zr

1
Antidifferentiate: —y = e* + C
x

11



Finally, ’y =z(e® 4+ C) ‘
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