Extra Examples of Trigonometric Integrals

Math 121 D. Benedetto
ODD POWER TECHNIQUE
1.

/ sin®z cos®x dz = / sin®z cos*z cosz dx isolate one copy of cosz

.- 2 o .
= /sm‘i x (COS2 SC) cosx dx find remalning even powers of cosx

2

. . 2 : . .
= / sin® z (1 — sin® CL‘) cosx dxr convert cos®x using trig. identity

u =sinx ,
du — cost da don’t need to expand algebra yet ...
= /u3 (1 — u2)2 du after u-substitution
= /u3 (1 —2u? + u4) du expand algebra now
= / ud —2u® +u” du distribute algebra now
ut 2 + v +C int t 1
=— - — 4+ — integrate power rules
16 8 srate P
sinfz  sin®z  sinfax . .. .
B + 3 + C'| substitute back to original variable

Since both powers of this problem are odd, you could isolate one copy of sin z instead. Then proceed
in a similar way by converting the remaining even powers of sin x to cosines. That is, there is some
flexibility when both powers are odd ...

Contrast this technique with Problem 5 below, where there are both even powers of sin x and cos z.

What makes this odd power technique work, is that when you isolate one of the odd powers of sin x
(or cosz), you are left with an even number of sinz (or cosz). That allows you to use the trig.
identity sin?z + cos?z = 1, to convert those remaining even powers of sinz to cosz, (or cosz to
sinx).



2.
. 5 o . 4 .
/sm T dx —/sm x sinz dr

= / (sin2 a:)2 sinx dx

isolate one copy of sinz

find remaining even powers of sinz

2 . . . . .
= / (1 — cos? x) sinz dx convert sin’ z using trig. identity
U = CoST
du = —sinz dx don’t need to expand algebra yet ...

—du =sinz dx

:—/(1—u2)2 du

:—/1—2u2—i—u4du

U3 W
= — —— —+C
U+ 3 5+

after u-substitution

expand algebra now

integrate power rules, distribute minus sign

2 3
= —cosx+§cos xr —

0055 X

3 C'| substitute back to original variable

Contrast this technique with Problem 6 below, where there is an even power of sin x.

Some useful Trigonometric identities:

sin?z + cos?x =1

sin? g — 1—03842@

1 2
cos? x = - Fcoster) C;S( ?)



EVEN POWER TECHNIQUE:

3.

/ sin’ x dx

4.

/cost dx :/

D.

/sian cos® zdx :/<1_COS (22) > (

1 — cos(2x)
2

dzx

/

1
2/1 — cos(2z) dx

(o=

sin(2x)
2

1
2

1
sin(2x)

I +C

2

1+ cos(2x)
2

dzx

1
2/1 + cos(2x) dx

_! <x+sm(22x)>+c

2

+C

1
g + i sin(2x)

)+c

using half-angle trigonometric identities

half-angle identity for sin® z

factor out to simplify

integrate, maybe need u-substitution

simplify

2z

half-angle identity for cos
factor out to simplify
integrate, maybe need u-substitution

simplify

1 + cos(2x)

1 1

=1 cos?

1/

4

1/1

4 2

1

= [ 1 —cos(4x)

8/ cos(4x)
sin(4

]
=—|z-
8

1 <1+cos 4:1c)> s

1 cos( :1:)

5 ) dz half-angle identities for sin’ z, cos? x

dx expand algebra

half-angle identity ...watch the 4z

dx simplify algebra

factor out

integrate, maybe need u-substitution

>+c

8

1
i sin(4x) 4+

C simplify




6.
/sin4:v dr =

half-angle identity for sin? z

1
= / 1 — 2cos(2z) + cos?(2x) dx expand algebra
1 1 4
=1 / 1 —2cos(2x) + <+cgs(m)> dx half-angle identity ...watch the 4z
1 1 cos(4x) o
=1 1 —2cos(2x) + st dx simplify algebra
1 /3 4
= / 3 2cos(2z) + cos(4z) dx simplify algebra again
1/3 ) sin(4x) ) o
=113%~ sin(2x) + 3 +C integrate, maybe need u-substitution
3 2 4
=g~ Smi z) + 51n§2$) +C simplify

7.

/cos4(3x) dx :/(cos2(3x))2 dx

1 (6x)
= / ( + cos(6z > dx half-angle identity ...watch the 6x
1
=1 / 1+ 2cos(6z) + cos?(6x) dx expand algebra
1 1 12
=1 / 1+ 2cos(6x) <+C028($)> dx half-angle identity ...watch the 12x
1 1 cos(12z) o
=1 1+ 2cos(6x) + = 5 + — dx simplify algebra
1 /3 cos(12a:) L .
=1/ 3 + 2 cos(6x) T dx simplify algebra again
1/3 2 6 in(12
=1 (2x + sin(62) + s1n(2 1 x)) +C integrate, maybe need u-substitution

. (12
= %x + sml(gx) + 5111;6 z) +C simplify




