Extra Examples of Integration By Parts Integrals

Integration by Parts is an integration technique that computes antiderivatives for some
special products of a certain form. Here is the formula:

*) / f(z) - g'(z) de = f(z) - g(x) — / g(@) - () d

We often use a shorthand notation
u= f(z) = du= f'(x)dzx
v=g(x)=dv=g(r)dx

Rewriting the formula (*) above, we have a formula to use as a memory aid:

/udv:uv—/vdu

To use this formula, follow these steps.

1. Choose a portion of the integral for the u piece so that it differentiates nicely.

2. Choose the rest of the integral for the dv piece so that it antidifferentiates nicely.

3. Look for the new integral on the right / v du to appear simpler to compute than the
original integral.

To choose u, we use the Memory Aid LIPET. Once you label the product pieces, then match
the formula above. Here, the better choices for u range in order from Left to Right.
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Here are some various examples. First study the integrals of some inverse functions:

1.
1
/lnxda:z/(lnx)-lde']ilenx—/x-—dx:xlnm—/l dx:’xlnx—x+0

T

u=Inz dv = ldx

1
du=—-dz v==z
x
2.
.B. 1 /1
/arctanx de = /(arctan x)-1 de ]iP:E arctan —/ Yy = rarctanz — —/— du
14 22 2/ u

1 1
= rarctanz — 51n|u| + C =|zarctanx — ilnll—l—xQ\ +C

u=1+2?
u = arctanx dv = ldx
du = 2zdz
1
du = dr v==x
1+ 22
§du = xdx

3.
I.B.P x
arcsinx dr = arcsinz) -1 de =" zarcsing — | —— dz
/ /( ) /\/1 —x?

_ 1 1 ) 1 _1
=garcsine — | —= | —= du | =z arcsinz + = [ v 2 du
2/ Vu 2

1
:xarcsinx+§-2\/ﬂ+C’: zarcsine +v1 —2?2+C

u=1-—a?
U = arcsin x dv = 1dx
du = —2xdx
1
dy = ———=dzx v==x
ST — 2
1-z ——du = xdx




4. Now Double Integration by Parts Example

72 P E
/— dx:/xQeE’w dzx
651:

LB.

1
P——x2675z—2 1 /P
5 5

15 5 2 5 2 5
_ - T . x < T C
57 ¢ 25" 125¢
u = x> dv = e %dx U=z dv = e ®%dx
1 —bx bx
du = 2xdx 'U:—ge du=dxr v=—=e

d.

P T
/xQCoigx dx I.]i.sz sinm—?/gsinx dx

I']iPxQ sinx — 2 (—x cosz + /Cosx dac)

:xzsinx+2xcosx—2/cosx dx

= x2sinx+23:cosx—23inx+0‘

2

du =2xdxr v=sinzx

U=2x dv = cos xdx

U=2x dv = sin zdx

du=dxr v=—cosz




6.

P I x? 1 x?
T arctanz dr = > arctanz — —

2] 1+ a2
x? 1 2 4+1-1
= —arctanyx — - | ———— dx
2 2 14 22
x? 1 2241 1
= —arctanx — — — dx
2 2 14+22 1+ 22

2 1 1
:%arctanas—ﬁ/l— 52 dzx

x? 1
=5 arctan x — 5(3: —arctanz) + C

2

=X arct L Y rctane 4 ©
= 2 arctan x Q.I 2 arctan x

u = arctan dv = xdx

1 x?

du = dr v=—
14 22 2

! Lok Inz —- 1 1
/ﬂdx—/lnac)-x_2 dx:—EJr/x_gdx— _ﬂ__+0
x

u=Inx dv=2x"2dx

1
du=—dz v=——
x x

8.

P g E
/$26$ dx I']iPxQex — 2/ gex dr = r%e* — 2 (xeﬂc — /ex dx) = ’xz

e — 2xe®* + 2e* + C

u=z? dv = e*dx U=z dv = e*dx

du =2xdxr v =¢€" du=dx v=2¢e"




Here is the formula for Integration by Part for Definite Integrals.

b b b
/udv:uv —/vdu
a a a

There is no need to change the Limits of Integration unless a u-substitution is used along
the way.

9.
/01 In(z® +1) dz /Ol(ln(xQ +1)) -1 dw

1 12
=zln(2? +1)] — 2/ f dx
0 0 T +1

1 1,2
1-1
= zln(z? + 1) —2/ %dw
0 0 a'f‘i‘l

1 1,2 1
1 1
— zln(a® + 1) —2(/ v dx—/ . dx>
0 0 o= +1 o v°+1
1 1 -
= zln(2? + 1) —2(/1dm—/ 5 dx)
0 0 0 T¢+1

1

1
=zn(z*+1)] —22
0

1

+ 2arctan
0

0

=In2—In1—2+ 0+ 2arctan(1) — 2 arctan(0)

v T
—lm2-0-2 2(—)— —m2-—2+7
n 0 + 1 0 n +2

u=1In(z*+1) dv=dx

I.B.P. 9

2+1dx V=21
T

du =




10.

/j(lnx)? dx /le(lnx)Q 1 dx

First I.B.P.

11.

/ Inz dx
1

Inz dx

=z(lnz)?| —2

=z(lnz)?| —2

[

=z(lnz)?| —2

1

—I—Zx
1

=z(lnz)? —2zlnzx
1

zlnz| —x

e

1

:x(lnx)zj 2/111 ( ) v do
|

(xlnxi—/le G)xda:)
:x(lnx)zj 2<xlnxi—/161dx)
(

)

= (e(lne)* —1(In1)*) —2(elne —1In1) + 2 (e — 1)

=(e—=0)=2(e—0)+2(c—1)=e—2+2 —2=c—2]

= (Inz)? dv = dx

1
du=2Inz—dr v=2a
z

= / (Inz)-1 d:v”ipx Inx
1

€ €

=zlnz| —z

1

1

u=Inz
1

du = —dx
x

dv = dx

V=2

e /ve 1
1 1 X

Second I.B.P.

u=Inx dv = dx

1
du=—dx v==z
T

rz-—dr=zlnzx

—/1dx
1 1

:elne—llnl—(e—l):e—O—e+1:




