Math 121 Extra Partial Fraction Examples

We will learn to integrate some Rational Functions. Our main, first, examples will focus

P(x)

on decomposing Proper Rational Functions R(z) = 0@ where DegreeP(z) <DegreeQ(z)
x

using Partial Fractions algebra. We will mainly focus on two cases for Proper examples.
First, when the denominator factors into two distinct linear pieces OR, second, when the
denominator factors into one linear and one Quadratic Irreducible factor each.

Recall az? + bx + ¢ is called Quadratic Irreducible if the Discriminant b? — 4ac < 0.

We will demonstrate some Optional Examples (for fun) at the end. Those will be more com-
plicated problems that might require extra Complete the Square algebra on the Quadratic
Irreducible factor. We will also demonstrate one optional example for an Improper Rational
Function. Recall, that a Rational Function is called Improper if deg P(x) > degQ(x).

1. An example with two distinct Linear factors in the denominator

/Wi—wdx :/(:{;—5)8(x+3) da

[ L Ly,
r—5 x+3

=|ln|z -5 —-In|lz+3|+C

Note that the integrand is a proper rational function because the degree of the numerator is
strictly less than that of the denominator.

We use the following Partial Fractions Decomposition: PFD

1 A B

@—5)@+3) 7-5 243

Clearing the denominator yields:
1=A(x+3)+B(zx—5)
1l=Ax+3A+ Bx — 5B
l1=(A+B)x+ (3A-5B)
sothat’A—l—B:O‘and’?)A—E)B: 1‘

Solve for|A=1|and | B = —1



2. Another example with two distinct Linear factors in the denominator

/ 16 — x I _/ 16 —x dr
x2 — 5z — 14 ) (=7 (x+2)

PFD / 1 2
= — dz
r—7 x+4+2

=|ln|lz -7 —2njz+2|+C

We use the following Partial Fractions Decomposition: PFD

16 — =z A N B
(x—T(r+2) -7 x+2

Clearing the denominator yields:
16—2=Ax+2)+B(z—T7)
—x+16 =Axr +2A+ Bx — 7B
—x+16=(A+ B)x + (2A—-17B)
so that ’A—i—B = —1‘and’2A—7B = 16‘

Solve for|A=1|and |B = -2

3. Another example with two distinct Linear factors in the denominator
2z — 23 2z — 23
=" dr = d
/x2—3x—4 v /(x+1)(x—4) ‘

PFD/ 5 3
= — dz
z+1 x—-4

=|5Injz+ 1| -3ln|z —4|+C

We use the following Partial Fractions Decomposition: PFD

2z — 23 A B

(x+1)(z—4) _CL‘+1+ZL’—4

Clearing the denominator yields:

20 —23=A(x —4)+ B(x + 1)

20 —23=Axr —4A+ Bx+ B

20 — 23 =(A+ B)x + (—4A+ B)

so that ’A—i—B = 2‘ and’—élA—i-B = —23‘

Solve for | A =5|and | B = —3



4. An example where the denominator factors into one Linear and one Quadratic Irreducible
piece.

C ! d
ompute / -2+ 1) T

Note that the integrand is also a proper rational function because the degree of the number-
ator is strictly less than that of the denominator.

We use the following Partial Fractions decomposition:

1 A Bzx+C

(x —2)(x2+1) x—2+x2—|—1

Clearing the denominator yields:

1=A@*+1)+ (Bx+C)(z —2)

1=Ax> + A+ Ba? + Cx — 2Bz — 2C
1=(A+B)2*+ (C—-2B)x+ A—2C

so that A+ B =0|and |C — 2B = 0]and |[A —2C =1

1 1 2
Solve for A:g and B:_g and C:_g

Finally, we have decomposed the original integrand. Hopefully this new, but equal, decom-
position is easier to integrate.

/ ! dx :/ % +_g$_§d1’ e how to handle?
(x —2)(x2+1) r—2 2241

1 1
:—/ dx—l/ * da:—g/;dx
5) ©—2 5) x2+1 5) 22+1

e after split of integrals
e here we have some natural log terms (how?), and an “arctan”-ish term
e make sure that you understand how to compute these integrals quickly

Ilnjz?2+1] 2

1
:51n|1‘—2|—5 5 garctanx—i-C

1 1 2
= gln|x—2|—Eln|:p2+1|—garctanx+0




5. Another example where the denominator factors into one Linear and one Quadratic
Irreducible piece.

522 — 10z + 11
C t d
ompue/(x_g)(x2+4) X

Note that the integrand is also a proper rational function because the degree of the number-
ator is strictly less than that of the denominator.

We use the following Partial Fractions decomposition:

5x2—10x+11_ A Bz +C

@—3)2+4) z-3 22+4a

Clearing the denominator yields:

522 — 10z + 11 = A(2* +4) + (Bx + C)(z — 3)

5z% — 10z + 11 = Az? + 4A + Bx?* + Cx — 3Bz — 3C

522 — 10z + 11 = (A+ B)2* + (C — 3B)z + 4A — 3C

so that |[A+ B =5|and |C — 3B = —10| and [4A — 3C = 11|

Solve for | A = 2| and [ B = 3] and |C = —1

Finally, we have decomposed the original integrand.

522 — 10z + 11 2 3r—1
dr = d how to handle?
/(x—3)(x2+4) v /a:—3+x2+4 ¢ ¢ how to handie

1 T 1
2 s [ e [ e

e after split of integrals
e here we have some natural log terms (how?), and an “arctan”-ish term
e make sure that you understand how to compute these integrals quickly

3ln |22 +1 1
= 2ln]x—3]+$—§arctan(g>+0




For Fun! Here the Quadratic Irreducible piece requires Complete the Square algebra.

|
6. Comput d
Ompue/(az—l)(az2+x+1) v

Note that the integrand is a proper rational function because the degree of the numberator
is strictly less than that of the denominator. We will Complete the square on the irreducible
factor in order to convert it into an “almost” arctan integral.

For now, we use the following Partial Fractions decomposition:

1 A Bx+C

(x =1 (22 +z+1) x—1+x2—|—x+1

Clearing the denominator yields:

=A@ +z+1)+ (Bx+C)(x — 1)

1=Ax> + Az + A+ Ba?> +Co — Bax — C
l1=(A+B)2*+(A-—B+C)x+A-C
sothat’A—l—B:O‘and’A—B—i-C:O‘and

1 1 2
Solve for A:§ and B:_§ and C:_§

Finally, we have decomposed the original integrand. Hopefully this new, but equal, decom-
position is easier to integrate.



1 1 1l 2
/ de = / S dr + / —3 3 dr
(x—=1)(x24+z+1) x—1 24+z+1
B / 3 gy L / T2
) z—1 3) »2+x+1
e complete the square on the quadratic irreducible second term
1 1 1 2
v (z+3) +1

1
— = 2
= 1/ 1 d:c—l/M du e see subst. below

3) z—1 3 u2+§

1 1 1 fu+? L
:§/$_1dx—§/u2+%du o simplify

1 1 1 u 1 3
= de — = | —— du—~- | —2_d

e after split of integrals
e here we have some natural log terms (how?), and an “arctan”-ish term

1 1 1 1 3
B =Ry
3) z—1 3) u2+3 3 u2+(£>

2

e make sure that you understand how to compute these integrals quickly

1 Inju®>+3] 1/3 2 u
=1 S | [P O I — -
3n|x | 3 5 3(2) (\/g)arctan (\/?:) +C
2

‘ 1 arcta (2u)+0
41 V3 V3

1 1 1\*> 3| 1 2 (z+1
=§lnlw—1\—gln (l’+§) +Z ——arctan<—<x 2))—|—C

1 1
:§1n|x—1|—61n u? +

V3

1 1 2 1
= gln]x—1|—61n‘x2+a:+1|——arctan( vt >~|—C

We (“invertedly”) substituted above




For Fun again! Here the Quadratic Irreducible piece requires Complete the Square algebra
and a “reverse” u-sub.
x4+ 13

) t d
7 Compue/x(x2+4x+13) x

Note that the integrand is already a proper rational function. The denominator is already
factored into a linear factor and a quadratic irreducible factor. (why is that irreducible?)
We use the following Partial Fractions decomposition:

r+13 A Bx+C

x(2? + 4x + 13) ;+az2—|—4x+13

Clearing the denominator yields:

T+ 13 = A(z* + 42 +13) + (Bz + O)x

r+ 13 = Az? + 4Az + 13A + Ba? + Cx

r+13=(A+ B)2*+ (4A+ C)z + 134

SO that]A—l—B:O‘and]ZlA—l—C: 1‘and 13A =13

Solve for |A =1 and’B:—l‘and’C’:—S‘

Finally, we have decomposed the original integrand. Hopefully this new, but equal, decom-
position is easier to integrate.

xr+ 13 1 —x—3

x(x? 4 4z + 13) $+x2+4x+13

Now,
r+ 13 1 —r—3 1 r+3
= dx = —t — dx = e
/x(x2+4x+13) v /x+x2+4x+13 ! /x Zrdzr13 ™

e complete the square on the quadratic irreducible second term

:/l—x——i_gdx:/ldx—/wdu e see subst. below
r (z+2)2+49 x u? +9

1 1 1 1
:/E dx—/;—:_gdu:/z dx—/ugigdu—/u2+9du e after split of integrals

e here we have some natural log terms, and an “arctan”-ish term

e make sure that you understand how to compute the last two integrals quickly

1 1 1 7 5
zln\x|—§ln|u2+9|—§arctan(§>+C': ln’l’|—§1n|($+2)2+9]—garctan (x; >+C




u=cr+2=>xr=u~—2
We (“invertedly”) substituted above
du = dx




Just for FUN! Improper Rational Function case...OPTIONAL.

2+ 7
8. Compute | — '
Ompue/x2+2x+1o

Note that the integrand is an improper rational function because the degree of the number-
ator is not strictly less than that of the denominator. We apply long division of polynomials
to write the integrand as a (simple) polynomial and a proper rational piece. That is, the
degree of the numerator is strictly less than that of the denominator.

Long division yields:

1
2?4+ 2r 4+ 10)22 + 7

—(224+2z+10)
—2z —3
That means 2% + 7 = (2% + 2z + 10)(1) + (—2x — 3). Here the remainder term is —2z — 3.
2+ 7
Dividing both sides by 2% + 2 10 yields ————=14+(—22—-3
ividing both sides by z% + 2z + 10 yields 910 + (—2z — 3)

247 —2x — 3 2x + 3
N S N /WU (VRN RV O IO N S
oW /x2—|—2x—|—10 v / T i1 ™ / 21or 410"

The second piece contains a quadratic irreducible, so partial fractions will not be helpful
here. Complete the square on that irreducible piece to convert it into an “almost” arctan
integral.

2 3 - 1)
:/1— T d:v—/l d:c—/ Y du e sce subst. below
(z+ 1) u2+9

2u — 2 3 2
:/ldx—/ uu2—|—;_ /1d /u—|— du e simplify

1
/1 dx — / 219 du — / 210 du e after split of integrals

e here we have a simple term, a natural log term, and an “arctan”-ish term

e make sure that you understand how to compute the last two integrals quickly

1 1 1
:x—ln|u2+9|—§arctan<%>+C’: x—ln|($+1)2+9|—§arctan (x;_ )—I—C




u=zs+l=>x=u—-1
We (“invertedly”) substituted above
du = dx




