Math 111 Review Packet for Exam #1
Answer Key

Limit Practice Problems

Evaluate the following limits. Be clear if the limit equals a finite value, Does Not Exist, or is 400
or —oo. Always justify your work:

1
1. lim 16 =|DOES NOT EXIST since RHL # LHL‘

w—0 W
16 16
RHL: lim — = — =
wi%lJr w ot +oo
1 1
LHL: lim —6 _ 16 _ —00

w—0— W N 0~ N

t
2. lim 372 =|DOES NOT EXIST since RHL # LHL‘

t—2 17 —
3—t 3-2 1
HL: lim —— = = —
RHL: m == = o7 = g7 =+
-2 1
LHL: hmy—L:—:—oo
t—2—t — 0~ 0

3—t
3. lim (=T since RHL = LHL

3—1 3—2 1
RHL: li = = — =
A= T 0 Cor T

3-t 3-2 1

LHL: li - - =
S G T 0 or
2
4 fim _EF2T [DOES NOT EXIST since RHL # LHL|
v—4 32 — 3z — 4
, (r 4 2)? _ (x4 2)? (4+2)2 36
RHL: lim —— 2 _ _ _ _
N2 30— e =)@+ 0t@+D) o) O
2)2 2)2 4 +2)?
LHL: lim (z +2) = lim (z+2) = (4+2) = 30 = -0

et 22 —3x—4 24 (x—4)(z+1) 0-(4+1) 0 (5

I o i x4 hy L pspl
clim ———— =lim ————— = lim = |-
a—4 12 — 3w — 4 a—d (z—4)(x+1) a—dz+1 5

0
. x?—22-80  (z—4)(z+2) .. x+2psp4+2 |6
6. llm———— =lm-—2— 2 = 1lim = —
a—4 12 — 3w — 4 a—d (z—4)(x+1) a—dz+1 4+1 |5

oz —4r—12 1—-4—-12 psp —15 3
7. lim = = =|-

e—122—3z—18 1—-3—-18 —20 |4
22 —4x—12 psp —12 2
8. lim = =| =

x—0 .732 — 3z —18 —18 3



9.

10.

1 2?—4z° w(x—4) | xz—4psp -4 4
’ z—0 2 — Tx _:EHOCE(‘%‘*'Y) _xHOI‘*’Y N *7_ 7
a2t =9 :
12. lim o =|DOES NOT EXIST since RHL # LHL |
T—3 | —
2 _ _
REL: lim &0 = fig 2@ g8y
z—3t ‘37—3‘ z—3t x—3 z—3+
2 _ _
LHL: Tim £ =9 =y 3@ gy P g
T—37 |l‘ - 3| T—37 —(l' - 3) T—37
z—3 ifx—3>0 z—3 ifx >3
Recall: |z — 3| = =
—(x—=3) ifz—-3<0 —(x—=3) ifz<3
2
13, lim L 025 [DOES NOT EXIST since RHL # LHL |
z——5 |£ZZ—|—5|
2
RHL: lim T T02F5 g, @HES@HD Py
z—(=5)* ’.73 + 5‘ x—(—5)* T+5 z—(—5)*
2
1
LHL: i S0P F5 g, ROl )Py
a—(=5)~ |x 45 a—(=5)~ —(z+5) z—(—5)~
z+5 ifz+5>0 Tz +5 ifx > -5
Recall: |z 4+ 5| = =
—(x+5) fz+5<0 —(x+5) ifz<-5
0
2 _ 0 _
T o E=DEHD Lt lpse 141 [ 2
=12 — 11t + 10 =1 (t—10)(t—1) t=1t—10  1—10 9
t2 DSP 1
15. 1i = =11
2 rt—1  1+1-1
0
2 0
L6, fiy 2009( £6645)0 2000 +5)(t+1) _ . 2009(t +5) psp 2009(4)
t——1 2+t t——1 t(t + 1) t——1 t -1
0
\7 hmx2—10x+90_ oy E=9@-1) | wx—-1psp 9-1 |8
T 59 $2+$—90 _CL‘—>9($+10)($—9)_$—>9$+10 N 9+10_ 19
. 4500 | 4400 , ;300 , ;200 , 100 DSP
18. Jim £200 4 ¢400 4 4700 4 4200 4 4100 7=

T+ 2

lim3 3 =|DOES NOT EXIST since RHL # LHL‘
T—=—=5 T
T+ 2 -1
RHL: 1 = — = —
:E—}I—ril%* T+ 3 0t >
2 —1
LHL: lim rt = — =400
r——-3— T+ 3 0_
2 _4x—12 4 —12
lim T z DSP + 8 B i @

eo2 22 — 31 — 18 1+6-18 —8

0




19.

20.

21.

22.

23.

24.

25.

26.

11 —_—_ th—— 11m = =
x—>3x2—2x—3 J:—>3(x—3)(l’+1) z—3x + 1 3+1

i -1 % i z—1 Vet3+2 (z—1)(Vz +3+2)
1m = 111m . = 11m
xﬂm 2=l /T +3—-2 Vr+3+2 -1 (z+3)—4

—1)(v 3+2
zlim(x )( TSt ):lirri\/x—i—fi—i—QL':L'
T—

z—1 r—1

0
2?2 —r—60 (z=3)@+2) _, $+2D§P3+2_
4

0
_ 220 _ 22 _
lim 9z — 220 - 9z —2® 3+ — lim z(9—2)(3+ Vx)

a—9 3 — /T %93—{ 3+r a9 9—x
—hmx(3—|—f) 9(3+3) =

. 5 DSP|O
lim = |=
z—-11—2 2

6
3 ’ | DOES NOT EXIST since RHL # LHL |
T—
RHL: lim 0% =30
=5t 95—z 0~
. 6x 30
0
2?2 —9x + 140 (x —2)(x—T7)
lim ————F =lim ——F—= =1 DNE HL# LHL
0os 22— Az + 4 oed (z— 2)(z — 2) xlﬂ%x— | b/e RHL LHL|
z—7 . =5
RAL: T o5 = m or ==
LHL: lim $_7: lim w—7: lim _—5:—1—00
z—2- & — 2 z—2- T — 2 z—2- 07
2 —4
lim |DNE b/c RHL # LHL|
x~>2|33*2|
24 2_4 —2 2
RHL: lim = fim &% =y C2D@FD o8Py
a—2t |[x — 2| a—2t z—2  zo2t x—2 z—2+
24 24 —2 2
LHL: lim —— = lim — = lim E=2)@+2) _ lim —(z+2) PEP_y
a—2- |t =2 22 —(x—2) a—2- —(x—2) T—2—
T —2 ifx—2>0 T —2 if x > 2
Recall: |z —2| = =
—(r—2) fz—-2<0 —(x—2) ifz<?2
0
. Vv +6—-39° . vz +6 : z+6—-9
lim — =lim = lim
=3 22 — 1 — 6 x—3 xQ—x—G =3 (x — 3)(x +2)(Va + 6+ 3)
z—3 1 L.L. 1 1

=3 (z—3)(z+2)(Vr+6+3) =3(x+2)(Vz+6+3) 5(3+3) [30




27.

28.

29.

30.

31.

1 1% T 7 r—7
7T Tr Tw oy Tx o T 1 -7
£1ﬂm7:n77 _iLm7 x—T —i;rr%x77—ign17 v x—T iL7(7x)( -7)
_ oy, LoDspl L
_z—>77$ o 49
1 16 8—(2—x) 6+
z——6 r+6 z——6 r+6 z——6 r+6
— lim 6+z ~ lim 1+ pspl
T a——6(2—xz)8)(z +6) «——06(2—x)(8) |64
0
I vVer+1-—-20 4+ 1-2 vVer+1+2 I r+1—-4
im — = lim . = lim
z—3 3—=x r—3 3—x vr+1+2 a:—>3(3_x)(\/1;—|—1—}—2)
. r—3 r—3
= lim = lim
e=3(3—z)(Vr+1+2) 2-3—(x-3)(Vz+1+2)
B -1 L. —1 | 1
M arir2  2+2 | 4
0
i 2 —49 0 r x? — 49 2++Vr—3 i (2 —49)(2 + vz — 3)
im —————— = lim . = lim
e—72 —/x —3 =72 —y/r—3 \2+4++zr—-3 z—T7 4—(z—3)

(z—T)(z+T7)2+ vz —3) (z—T)(z+7)2+ vz —3)

::PL% T—x :ili]% —(z =)
= lim —(z + 7)(2+ V& = 3) e (14)(2 4+ 2) =[ =56
1 10 5— vz +20

- Va+20 5 . 5(Vz+20) 5—\/x + 20 <5—|—\/x+20>
lim ~————— =lim —— = lim .
a—5 T —5 a—5 T —5 =5 5(v/z +20)(x —5) \5+ vz +20
. 25 — (z + 20) . 5—x

2=5 5(v/x + 20)(z — 5)(5 + V2 +20) =5 5(v/z + 20)(x — 5)(5 + vz + 20)
— lim —(z —5)

a—5 5(v/z + 20)(z — 5)(5 + v/z + 20)
= lim —1 LL. -1 = _—1

25 5(v/x 4 20)(5 + vz + 20) 5(5)(5+5) | 250
Challenge!



32.

33.

34.

35.

36.

Functions and Limit Practice Problems Evaluate the following limits:

-1
Let g(x) = 2z + 1. Compute }:erll g(igﬁ =

. r—1 . r—1 . r—1 . 1 psp| 1
lim ————— = lim ——— = lim =lim — = |-
a—1 (222 4+1)—3 2-1222 -2 2—12(z—1)(z+1) 2-12(x+1) 4

2 2
2 T2y v 2u
Let G(u) = u” + u. Compute il_)r%(;(u_g)_i% (u—3)2 + (u—3)
2 _ _
_ w-2u _u(@—2) o u(u—2)

w3 uZ — 6u+9+u—3 u1—>r%u2—5u+6_u—>2(u—3)(u—2)

T+ 2
Let h(y) =y*>—-3. C te li =
et hly) =y e h(2x) — h(z + 6)
i T+ 2 I x + 2
im = lim
a—-2((22)2 =3) — ((z+6)2—-3) a—-2(4a? —3) — (22 4+ 122+ 36 — 3)
. T+ 2 . T+ 2 . T+ 2
= lim = lim ———— = lim
e—-2422 —3 — 22 — 120 — 33  2>-2322—-122—36 2—-23(22 — 4z —12)
I x+2 I 1 DSP 1
= l1m = lim — = | ——
a——23(x —6)(xr+2) 2—-23(z—06) 24

Let f(t) = % Compute i St —3)—4f(t)

t—4
( 1 _4> <t—4(t—3)) (—3t+12
o \t-3 t) -3¢t ) . \ (t—3)
e SR R e S e "
o (12 L\ 30— 4)
—ia\ (- 3)t t—4)  iea(t—3)t(t—4)

-3 DSP -3 3

= lim

i t—3t (@) | 4

3+ 52 -8
Compute lim f(@) + 5

A GoPseria - Ve @) =a42

0
, f(z?)+ 5z -8 © , 22 +2+5r -8 _ 22 +5r—6
lim = lim = lim
a——6 [f(z)]? +5x+ 14 e——6 [v+22+bxr+14 a2--6 x2+4+4x+4+5x+14
B 2?2 +5r—6 . (x+6)(x—1) r—1 =7 |7

lim ——————— = lim = lim =3~
r——6 x2 + 9z + 18 z——6 (m + 6)(.%‘ + 3) z——6 x+3 -3 3



More Functions

1
37. Let f(z) = x, g(x) = 22 + 4, and h(x) = —. Compute (and simplify, if possible) the
x
following;:

(a) fog(x)=flg(x)) = f(2?+4) =|Va? +4
—g _

(b) go f(z)=g(f(x)) = g(Va) = (Va)* + 4=z +4]
(¢) hogo f(x) =hg(f(x) = hg(v)) = h(z +4) = | - i ;

(d) gog(z) =g(9(z) =g(z®>+4) = (2 +4)* +4 =2+ 82? + 16 + 4 = | 2* + 82? + 20

€ — 0 Definition of the Limit

Use the £ — § definition for limits to prove each of the following:

38. lim27x—6:8.

Scratchwork: we want |f(z) — L| = [(Tx —6) — 8| < &

|f(x) = L| = |(Tx — 6) — 8| = |Tx — 14| = |7(x — 2)| = |7||]x — 2| = 7|z — 2| (want < €)

7|z — 2| < e means |z — 2| <%
So choose § = % to restrict 0 < |z —2| < 4. Thatis 0 < |z — 2| < %
Proof: Let € > 0 be given. Choose § = % Given x such that 0 < |z — 2| < §, then

1f(z) —L| = |(Tx —6) — 8| = [Tz — 14| = [T(x - 2)| = 7|z — 2| = Tjx — 2| < T- = =&.

7
0
39. lim 2 — §x =5.
T——7 7
3
Scratchwork: we want |f(z) — L| = ‘ (2 — 73:) — 5‘ <e
1) - 11=| (2= 20) ~ 5| = |- -3 = | -2+ 1) = |- lo - (Dl = Fha - (1)
(want < ¢)
3 7
?|x — (=7)| < e means |z — (=7)| < 3¢
So choose § = %5 to restrict 0 < |z — (=7)] < d. That is 0 < |z — (=7)| < ga.



7
Proof: Let € > 0 be given. Choose § = 3¢ Given z such that 0 < |z — (=7)| < ¢, then

7~ (=) = 2f (=)

(x+7)‘ - '—?7’

| w

-t =|(2-2e) 5| = |-2a | -

7
<2l
- .

Te
3

40. lim 2z 4+ 1= —3.

T——2
Scratchwork: we want |f(z) — L| = |2z 4+ 1) — (=3)| < e
[f(2) = LI = |2z + 1) = (=3)| = 22 + 4] = [2(z + 2)| = [2[|z + 2| = 2[z + 2| = 2|z — (-2)]
(want < )

2|z — (—2)] < € means |z — (—2)| < g

So choose § = = to restrict 0 < |z — (=2)] < 4. That is 0 < |z — (=2)| < %

Proof: Let € > 0 be given. Choose § = % Given z such that 0 < |z — (—2)| < 4, then

[f(z) = L = |2z +1) = (=3)]| = 2z + 4] = [2(z + 2)| = [2[ |z = (=2)| = 2|z — (=2)]

<2 L
=g =¢g.
2

41. lim 1 — 4z = —11.

z—3

Scratchwork: we want |f(z) — L| = [(1 —4z) — (—11)| < ¢

[f(z) = L = [(1 —dz) = (-11)| = | =4z + 12| = | = 4(z = 3)| = | = 4|z — 3] = 4|z — 3]
(want < )

4|z — 3| < € means |z — 3| < 1
So choose § = ° to restrict 0 < |z —3| < d. That is 0 < |z — 3| < Z

Proof: Let € > 0 be given. Choose § = Z Given x such that 0 < |x — 3| < §, then

[f(z) = L = [1 =4z = (=11)] = 12 — dz| = | 4(z = 3)| = | 4[|z — 3| = 4]z — 3]

9
<4--=c.
4 &



42. lim3 1 - 5x = 16.

T——

Scratchwork: we want |f(z) — L| = |(1 — bx) — 16| < &

[f(x) = L] = [(1 = 52) = 16] = | = 5z — 15| = | = 5(z + 3)| = | = 5[[z — (=3)] = 5|z — (=3)|
(want < )

€

5

So choose § = % to restrict 0 < |z — (—3)] < d. That is 0 < |z — (—3)| < %

5|z — (—3)] < e means |z — (—3)| <

Proof: Let € > 0 be given. Choose ¢ = % Given z such that 0 < | — (—3)| < 6, then

F(@) = L| = [L = 5z — 16] = | -5z — 15| = |~5(z + 3)| = |5 |¢ — (=3)| = 5la — (~3)|

€
<5--=¢.
5 €

4
43. lim -z + 3= -b.
x——14 7

4
Scratchwork: we want |f(z) — L| = ' (71‘ + 3) - (—5)‘ <e

4 4 4 4 A
1#e) = LI = ‘(7m+3> B (5)‘ = |7z +8 = ‘7(x+14)‘ = ’7 o = (=14)| = |z — (=14)|
(want < ¢)
4 7
§|$ —(—14)| < € means |z — (—14)| < G

7 7
So choose § = e to restrict 0 < |z — (—14)] < d. That is 0 < |z — (—14)| < 1€

7
Proof: Let € > 0 be given. Choose § = e Given x such that 0 < |z — (—14)| < ¢, then

@)~ L] = ‘(;‘H;),) - (5>‘ _

4 4
CCJrS‘ = ‘(az+14)‘ = ’7

o~ (-14)] = Fla — (~14)



44.

45.

46.

47.

48.

Derivatives Use the limit definition of the derivative to calculate the derivative for each of
the following functions:

f(z) =3 — 922
. flx+h)—fx) .. B-=9x+h)?) —(3-92?)
!/ _ —
L h
. 3—9z* —18zh — 9h* — 34922  —18zh — 9h?
= lim =lim ——
h—0 h h—0 h
.. h(=18z—9n) _
flz) =2
_ 3_ .3 3 2 2, 13 _ .3
() = mf(:):—i—h) f(x):hm(x+h) 2 i © + 3z°h + 3xh” + h° — x
h—0 h h—0 h h—0 h
o 3x2h+3xh?+ A3 . h(3$2+3xh+h2) . 9 9 2
= Jim S — i SR — i 0 4 3 4 b =[50
fla)=—
1 1 x* — (x4 h)
Cfeth)-f@)  @rhE 2\ @t
/ _ — e
) = Jim h = pm h o h
_limm2—$2—2xh—h2_ im —2zh — h? im h(—2x —h) im —2z—-h 2
ho0 h(x + h)2a22 ~ h=0h(xz+h)222 0 h(x 4+ h)222 h—0 (z + h)222 ot
—2
B
f@) = V=T
. flx+h)—flx) . N(@+h) —T—Vr T
!/ _ —
) = Jim h = h
_hm\/(:c+h)—7—\/:c—7‘\/(:B—I—h)—7+\/:r—7
h—0 h V@+h) =T+ =7
~ lim (x+h—=T7)—(z—T7) ~ lim r+h—-T7T—2+7 ~ lim h
h=0h(\/(x+h)—T+Vo—T) h=0h(\/(x+h)—=T+Vx—T7) h=0h(\/(x+h)—T+2—-T)
_ 1 _ 1
ho0 (x+h)—T+Vr -7 |2V —T
1
flx) = %
1 (ﬁ— m+h)
f’(x):limf(w—l_h)_f(x):lim Veth f:lim rthye

h—0 h h—»OT h—0 h
VE-Vith VE-VTih <\/5+\/m>

= lim = lim
h—0 hv/z + hy/z  h—0 Wz +hyz \Vz+vVz+h
9




= lim a:—(ac—i—h) = lim —h
R N WY e YN N W RSV

: -1 a4
T e e VTR (VAPRE | 2t
49, f(x):i:z
3—(z+h) 3-x
() — fz+h) — f(z) (x+h)—4 z-4
f(z) = lim h = lim -

B—xz—hl(x—4) — (3—x)[x+h —4]
(x+h—4)(x—4)
h—0 h
3z —a?—zh—12+4x+4h — 32z —3h+ 12+ 22 + zh — 4z
(x+h—4)(z—4) >
h—0 h

<(x+hh4)(x4)) 1 h <1>

= o h S Gt h— D=1 \h
. 1 [
0@+ h—D@—4) | (x—4)2
50. f(z) = ;’x__&i
3x+h)—1 3z-1
£(2) = lim fx+h)— f(x) ~ lim 2—-5(x+h) 2-5x

h—0 h h—0 h
[32 + 3h — 1)(2 — 5z) — (32 — 1)[2 — 52 — 5h)]
. (2 —5(z + h))(2 — 5z)
h—0 h
<6x+6h2 1522 — 15:ch+5ac6x+15x2+15xh+25x5h>
i (2 —5(z + h))(2 — 5z)

h—0 h

= lim = lim

h—0 h h—0 (2 = 5(x + h))(2 — 52)

s 1 [
T hS0 (2 5(z + h)(2—5z) | (2 b1)?

h

<(2—5($—|—I;L))(2—5x)> h (1)

10



o1.

52.

53.

54.

Tangent Lines Please use the limit definition for the derivative when computing the deriva-
tives in this section.

Find an equation for the tangent line to the graph of f(z) = x — 222 at the point (1, —1)
First compute the derivative f’(x).

flz+h) = fx) ((z+h) =2(x+h)*) — (x —227)

/ — 1- — 1;
f(z) hlg(lj h hli% h
. x+h—22%—4zh — 2R — x + 222 . h—4xzh —2h?

= lim =lim ———

h—0 h h—0 h

h(1l — 4z — 2h

Nt D R SR VS B

h—0 h h—0
Note: f'(1) = 1 —4(1) = —3, so using point slope form, the equation of the tangent line

through the point (1,—1) with slope —3 is given by

y—(-1)=-3(x—1)or|y=—-3x+2|

Find an equation for the tangent line to the graph of f(z) = /z at z =4

First compute the derivative f’(x).

f’(x)—limf(ijh)if(x)—lim—x+h7\/§—lim $+h7\/5- vthtVE
 h—0 h  h=0 h  h—=0 h \/.r—i—h—l-\/.f
. (x+h)—=z . h : 1 1
= lim = lim = lim =
=0 h(Vz +h+x) h=0h(Vo+h+yzZ) h0Vr+h+x 2/
1 1
Note: f/(4) = WZ =1 The point is (4, f(4)) = (4,v/4) = (4,2). Therefore, using point

1
slope form, the equation of the tangent line throught the point ( 4,2) with slope 1 is given

1
y—2=—(x—4)or yzix—kl.

At which point(s) does the graph of f(x) = —x? + 13 have a horizontal tangent line?
First compute the derivative f/(x).

flx+h)— f(z) (—(z+h)2+13) — (—2% +13)

/ — 1- — 1.
J'a) = finy h pimy n
. —x?—2zh—h?>+13+22—-13 | —2zh—h® _ h(-2x—-h)
= lim =llm———=llm ————2 =1lim 2z —-h
h—0 h h—0 h h—0 h h—0
= -2z

Note: Set f/(x) = 0 and solve f'(x) = —22 = 0 = x = 0 so the point is (0, f(0)) =1 (0,13) |
At which point(s) of the graph of f(x) = —2% + 13 is the slope of the tangent line equal to
-277 What’s the picture representing this problem?

First compute the derivative f’(x).

pon o fl@+h)—fl@) . (—(z+h)P+13) — (-2 +13)
) = Jim h = h

11




55.

56.

o =23 —32x’h—3zh® —h3 4+ 13+ 23 —-13 . —32%h—3zh®*—h3
= lim = lim

h—0 h h—0 h
a2 g2
= lim P(=32” — 3zh — 1) = lim —322 — 3zh — h? = —32°
h—0 h h—0

Note: Set f/(x) = —27 and solve f'(x) = —32? = —27 = 2 2 = 9 = x = +3 so the points are
(3,/(3)) =| (3, —14) | and (=3, f(=3)) = | (=3,40) |

There are two points on the graph of the curve y = —z2 4+ 7 whose tangent line to the graph
at those points passes through the point (0,11). Find those two points.

CHALLENGE!
First compute the derivative f'(x).

flz+h)— flx) (=(@+h)*+7) = (—2*+7)

, — —
(@) hli% h hll»% h
2 12 2 . _ 12 I, VO
— i =% 2¢h —h*+T7+2x 7:hm 2xh —h — lim h(—2x — h)  lim —92 — B
h—0 h h—0 h h—0 h h—0
= -2z

Let a point on the graph be given by (a, f(a)) = (a, —a?+7). The slope of the tangent line at
this point (a, —a?+7) is given by f/(a) = —2a. The tangent line to this curve through the point
(a, —a®+7) with slope —2a is given by y — (—a?+7) = —2a(z —a) or y+a? —7 = —2az +2a>.
For this tangent line to pass through the exterior point (0,11), that means the point (0,11)
satisfies the equation of the tangent line. Then, 11 +a? —7 =0+ 2a? or a®> =4 = a = +2.
So the two points of interest here are (2, f(2)) =|(2,3) |and (-2, f(=2)) =|(-2,3) |

Find the equation of the line passing through (2, 3) which is perpendicular to the tangent to
the curve y = 23 — 3z + 1 at the point (2, 3).

First we will find the slope of the tangent line to this curve when x = 2. Then we will take
minus the reciprical of that slope to finish the problem.

First compute the derivative f’(x).

f(x+h) — f(z) (x+h)?2=3@x+h)+1)— (22 -3z +1)

roN 1 L
e h

o o3+ 322h+3zh2+ R -3z —-3h+1—23+3zx—1
= lim

h—0 h

. 3x2h+3zh?+h*—3h h(32®+ 3zh + h? - 3)
= lim = lim

h—0 h h—0 h

:%11%3a:2+3a:h+h2—3:3x2—3

1
Thus, f/(2) = 9, so the line perpendicular to that would have slope equal to ~9 The

1
equation of the line through the point (2,3) with slope —g is given by point slope form as

1 1 29
— —_ —— —2 . —_ —— — .
y—3 g(x ). So, |y gx—i- 9

12



57. Find the equation of the tangent line to the curve y = 23 + z at the point(s) where the slope

58.

99.

equals 4.
h) — h)?3 h)) — (23
o)t FEEW @) (et b ) - @ o)
h—0 h h—0 h

o 3+ 32%h+3zhP+ R+ +h -2 —x . 322h+3zh?+hR3+h
= lim = lim

h—0 h h—0 h

2 2
1

:%n%h(?”: +3"’“°:+h + )zillin%)3x2+3xh+h2+1:3az2+1

Set f/(x) = 322 + 1 = 4 and solve for z = +1. Therefore, the points where slope is equal to
4 are (17 (f(1>) = (172) and (_17f(_1)> = (_17 _2)
The equation of the tangent line to the curve, at the point (1,2) with slope equaling 4, is

given by y —2 =4(x — 1) or .

Finally, the equation of the tangent line to the curve, at the point (—1, —2) with slope equaling

4, is given by y — (=2) =4(x — (1)) or |y =4x + 2|

Find an equation for the tangent line to the graph of f(z) =

1
] at the point (0, —1).

First we compute the slope f/(z):

1 1 (z—1)— (x+h—1)
f(x+h)—f(ﬂ:):hm<(:v+h)—1 x—1>:hm<<<x+h>—1><x—1>>

/ :1
f(z) hlg(l) h h—0 h h—0 h
( r—1—xz—h+1)
. ((z+h)—1)(z—-1) . —h
) h heo Bz +h—1)(z — 1)

I -1 1

= lim =—

h—0 (z+h—1)(x —1) (x —1)2

Note: f'(0) = —1. Therefore, using point slope form, the equation of the tangent line through

the point (0, —1) with slope equal to —1 is given by y — (—=1) = —1(z — 0) or .

Piece-wise defined functions

Consider each of the following piecewise defined functions. Answer the related questions.
Justify your answers please.

T if <0
Let f(z) =< a2 if 0<z<2
88—z if >2

Sketch the graph.

13



Find the numbers at which f is discontinuous.

Evaluate:

lim f(z) = |DNE b/c LHL# LHL|

RHL: lim f(z) =6

r—2+

LHL: lim f(x)=14

r—2~

lim f(z) = @

z—0

RHL: lim f(x)=0

z—0t

LHL: lim f(z) =0

rz—0~

f is discontinuous at z = 2 since liné f(x) DNE
T—

14
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r—1 if <2

1 if 2<x<4
60. Let f(z) = 3 § o4
Ve oo if z>4
Sketch the graph.
45
14
13
42
11

Find the numbers at which f is discontinuous. Evaluate:

lim f(z) = b/c RHL=LHL
RHL: lim f(z)= -1

z—0t

LHL: 111})1_ flx)=-1

lim f(x) =[1]b/c RHL=LHL
RHL: lim f(z)=1

r—2t

LHL: lim f(x)=1
T—27

lim f(z) = |DNE b/c LHL# LHL|

15
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RHL: lim f(x)=2

r—4t

LHL: lim f(z)=1

r—4-

’ f is discontinuous at x = 2 because f(2) is undeﬁned‘

s discontinuous at z = 4 because lim () [DNE b/c LHL# LHL|
€r—

8
if <0
T+ 2 ]
61. Let h(z) = 21 itz =0
556—4 if 0<a<16
x if x> 16

Sketch the graph.

410

Find the numbers at which A is discontinuous. Evaluate:

16



lim h(z) = |DNE b/c RHL# LHL|

T——

RHL: lim h(z) = +oo

r——27

LHL: lim h(x) = —o0

r——27

lim h() = | DNE b/c RHL# LHL|

RHL: lim h(z) = —4

z—0t

LHL: lim h(z) =4

r—0~

lim h(x) =[4] b/c RHL=LHL
RHL: lim h(z) =4

z—167+
LHL: lim h(x) =14
r—16~
h is discontinuous at © = —2 because lim h(x) DNE or because f(—2) is undefined

T——2

h is discontinuous at z = 0 because lim h(z) DNE

x—0

Note h is continuous at = 16 because lim h(x) = h(16)

r—16

if x>4

z
. Let F(x) = 3—z if 0<x<4

3—22 if <0
Sketch the graph.

17



4.4

Find the numbers at which F' is discontinuous. Evaluate:

lim F(2) =[3] b/c RHL=LHL
RHL: lim F(z)=3
r—0t

LHL: lim F(z)=3

r—0~

lim F(z) = |DNE b/c RHL # LHL |
RHL: lim F(z)= 400
r—4t

LHL: lim F(z)= -1

rx—4~

’ f is discontinuous at = = 0 because f(0) is undefined

f is discontinuous at z = 4 because f(4) is undefined or because lim F(z) DNE

x—4

18
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(2 if x>11
T —17 if T<x<1l
1 if =7
63. Let f(z) =

7T—x if 0<ax< 7

16 — 22 if —4<2<0

1
if <-4
- + 4 1 X
Sketch the graph.
| I ' I I I
-20 -15 -10 15 A
45

Find the numbers at which f is discontinuous. Justify your answer(s) using the definition of
continuity.

e f is discontinuous at = = 7, because despite the fact that f(7) = 1 is defined, and ilgé flz) =
0, those two values are not equal.

e f is discontinuous at x = 0, because despite the fact that f(0) = 16 is defined, the }:li% f(z)
DOES NOT EXIST.

e f is discontinuous at 2 = —4 for two reasons, f(—4) is undefined, and the lim4 f(x) DOES

T——
NOT EXIST.

19



Note that f is continuous at x = 11 because 1111;11 flx)=2= f(11)
xr—

Evaluate:
lim f(z) = | DOES NOT EXIST since RHL # LHL |

RHL: lim f(z)= lim 16 —-2>=0

r——471 r——4t1
LHL: lim f(z) = lim — — 2
o lim xr) = lim = — = -0
z——4- z——a-x+4 07

lim f(z) = |DOES NOT EXIST since RHL # LHL |

RHL: lim f(z)= lim 7—2 =7 LHL: lim f(z) = lim 16 —2® = 16
z—07F z—07F z—0~ z—0~

lim f(z) = [0] since RHL=LHL

RHL: lim+ f(z) = lim+ Va—7=0LHL: lim f(z)= lim 7—2=0
T—7 T—7 =7 T—T"

lim f(z) ==

RHL: lim f(z)= lim 2=2

r—11+ z—11+
LHL: lim f(z) = lim V& —7=+4=2
r—11— r—11—
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