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1. Evaluate

∫

6

0

−x2 dx using Riemann Sums.

Here a = 0, b = 6, ∆x =
6 − 0

n
=

6

n
and xi = 0 + i

(

6

n

)

=
6i

n
.

∫

6

0

−x2dx = lim
n→∞

n
∑

i=1

f(xi)∆x = lim
n→∞

n
∑

i=1

f

(

6i

n

)

6

n

= lim
n→∞

n
∑

i=1

(

−

(

6i

n

)2
)

6

n

= lim
n→∞

6

n

n
∑

i=1

−36i2

n2

= lim
n→∞

(

−216

n3

n
∑

i=1

i2

)

= lim
n→∞

(

−216

n3
·

n(n + 1)(2n + 1)

6

)

using (∗∗)

= lim
n→∞

(

−216

6
·

n(n + 1)(2n + 1)

n3

)

= lim
n→∞

(

−216

6
·

n(n + 1)(2n + 1)

n · n · n

)

= lim
n→∞

(

−216

6
·

(

n

n

)

·

(

n + 1

n

)

·

(

2n + 1

n

))

= lim
n→∞

(

−216

6
· 1 ·

(

1 +
1

n

)

·

(

2 +
1

n

))

=
−216

6
· 1 · 2

=
−216

3
= −72

Recall:

(∗)
n
∑

i=1

i =
n(n + 1)

2

(∗∗)
n
∑

i=1

i2 =
n(n + 1)(2n + 1)

6

(∗ ∗ ∗)
n
∑

i=1

i3 =

(

n(n + 1)

2

)2



2. Evaluate

∫

3

0

x3
− 2x dx using Riemann Sums.

Here a = 0, b = 3, ∆x =
3 − 0

n
=

3

n
and xi = 0 + i

(

3

n

)

=
3i

n
.

∫

3

0

x3
− 2x dx = lim

n→∞

n
∑

i=1

f(xi)∆x = lim
n→∞

n
∑

i=1

f

(

3i

n

)

3

n

= lim
n→∞

n
∑

i=1

(

(

3i

n

)3

− 2

(

3i

n

)

)

3

n

= lim
n→∞

3

n

n
∑

i=1

(

27i3

n3
−

6i

n

)

= lim
n→∞

(

3

n

n
∑

i=1

27i3

n3
−

3

n

n
∑

i=1

6i

n

)

= lim
n→∞

(

81

n4

n
∑

i=1

i3 −

18

n2

n
∑

i=1

i

)

= lim
n→∞

(

81

n4
·

n2(n + 1)2

4
−

18

n2
·

n(n + 1)

2

)

using (∗ ∗ ∗), (∗)

= lim
n→∞

(

81

4
·

n2(n + 1)2

n4
−

18

2
·

n(n + 1)

n2

)

= lim
n→∞

(

81

4

n2(n + 1)2

n2
· n2

− 9 ·

n(n + 1)

n · n

)

= lim
n→∞

(

81

4

(

n2

n2

)

·

(

(n + 1)2

n2

)

− 9 ·

(

n

n

)

·

(

n + 1

n

)

)

= lim
n→∞

(

81

4
· 1 ·

(

n + 1

n

)2

− 9 · 1 ·

(

n + 1

n

)

)

= lim
n→∞

(

81

4
· 1 ·

(

1 +
1

n

)2

− 9 · 1 ·

(

1 +
1

n

)

)

=
81

4
· 1 − 9 · 1 =

45

4



3. Evaluate

∫

5

1

100 − 3x2 dx using Riemann Sums.

Here a = 1, b = 5, ∆x =
5 − 1

n
=

4

n
and xi = 1 + i

(

4

n

)

= 1 +
4i

n
.

∫

5

1

100 − 3x2 dx = lim
n→∞

n
∑

i=1

f(xi)∆x

= lim
n→∞

n
∑

i=1

f

(

1 +
4i

n

)

4

n

= lim
n→∞

n
∑

i=1

(

100 − 3

(

1 +
4i

n

)2
)

4

n

= lim
n→∞

4

n

n
∑

i=1

(

100 − 3

(

1 +
8i

n
+

16i2

n2

))

= lim
n→∞

4

n

n
∑

i=1

(

97 −

24i

n
−

48i2

n2

)

= lim
n→∞

(

4

n

n
∑

i=1

97 −

4

n

n
∑

i=1

24i

n
−

4

n

n
∑

i=1

48i2

n2

)

= lim
n→∞

(

388

n

n
∑

i=1

1 −

96

n2

n
∑

i=1

i −
192

n3

n
∑

i=1

i2

)

= lim
n→∞

(

388

n
· n −

96

n2
·

n(n + 1)

2
−

192

n3
·

n(n + 1)(2n + 1)

6

)

using (∗), (∗∗)

= lim
n→∞

(

388 ·

n

n
− 48 ·

n(n + 1)

n2
− 32 ·

n(n + 1)(2n + 1)

n3

)

= lim
n→∞

(

388 · 1 − 48 ·

n(n + 1)

n · n
− 32 ·

n(n + 1)(2n + 1)

n · n · n

)

= lim
n→∞

(

388 · 1 − 48

(

n

n

)(

n + 1

n

)

− 32

(

n

n

)(

n + 1

n

)(

2n + 1

n

))

= lim
n→∞

(

388 − 48 · 1 ·

(

1 +
1

n

)

− 32 · 1 ·

(

1 +
1

n

)(

2 +
1

n

))

= 388 − 48 − 64

= 276



4. Evaluate

∫

2

−2

x3 dx using Riemann Sums.

Here a = −2, b = 2, ∆x =
2 − (−2)

n
=

4

n
and xi = −2 + i

(

4

n

)

= −2 +
4i

n
.

∫

2

−2

x3dx = lim
n→∞

n
∑

i=1

f(xi)∆x

= lim
n→∞

n
∑

i=1

f

(

−2 +
4i

n

)

4

n

= lim
n→∞

n
∑

i=1

(

−2 +
4i

n

)3 4

n

= lim
n→∞

4

n

n
∑

i=1

(

−8 +
48i

n
−

96i2

n2
+

64i3

n3

)

= lim
n→∞

(

4

n

n
∑

i=1

−8 +
4

n

n
∑

i=1

48i

n
−

4

n

n
∑

i=1

96i2

n2
+

4

n

n
∑

i=1

64i3

n3

)

= lim
n→∞

(

−32

n

n
∑

i=1

1 +
192

n2

n
∑

i=1

i −
384

n3

n
∑

i=1

i2 +
256

n4

n
∑

i=1

i3

)

= lim
n→∞

(

−32

n
· n +

192

n2

n(n + 1)

2
−

384

n3

n(n + 1)(2n + 1)

6
+

256

n4

(

n(n + 1)

2

)2
)

using (∗), (∗∗), (∗ ∗ ∗)

= lim
n→∞

(

−32 +
192

2

n(n + 1)

n2
−

384

6

n(n + 1)(2n + 1)

n3
+

256

4

n2(n + 1)2

n4

)

= lim
n→∞

(

−32 + 96

(

n

n

)(

n + 1

n

)

− 64

(

n

n

)(

n + 1

n

)(

2n + 1

n

)

+ 64

(

n

n

)2 (n + 1

n

)2
)

= lim
n→∞

(

−32 + 96(1)

(

1 +
1

n

)

− 64(1)

(

1 +
1

n

)(

2 +
1

n

)

+ 64(1)2
(

1 +
1

n

)2
)

= −32 + 96 − 128 + 64

= 0

Note:

(

−2 +
4i

n

)3

= −8 +
48i

n
−

96i2

n2
+

64i3

n3


