Answer Key for Review Packet for Exam #1

Math 11- D. Benedetto
Limit Practice Problems
Evaluate the following limits, including if the limit Does Not Exist, or is +00 or —oo. Always

justify your work:

16 16

1. 1 — = =
winﬂlﬁ- w 0Jr oo
16 16
2. lim — = = -0

1
3. lim 16 = DOES NOT EXIST since RHL # LHL

w—0 W

9. %m% m = +o0o since RHL = LHL
. (z +2)? . (z+2)? (4 +2)? 36
10. lim ———~ =1 = - -
2 374 et (@)@t 0@+ 0r6)
2)2 2)2 44 2)2
11. lim (v +2) = lim (@ +2) = (4+2) = 36 = —00

a—d- 22 —=3x—4 ao4- (z—4)(x+1) 0-(44+1) 0 (5)
(x +2)°

12. lim ————— = DOES NOT EXIST since RHL # LHL
r—4 562 —3z—4

13. lim =4 — lim _ox—4 — lim b DSP 1
g—at 2?2 =3 —4  poar (x—4)(x+1) aoatz+1 5

14. lim xi—él — lim a’,—_4 — lim L DSP 1
a—a- 22 =3z —4 -1 (z—4)(x+1) aoa-z+1 5

15. 1imx7_4:hmx—_4:1' 1 Dﬁpl

im —— "=

e—412 —3r—4 a—d(x—4)(v+1) z—ax+1 5

Note: RHL=LHL here, but we didn’t necessarily need them, since we could just factor and
cancel terms.



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

2 —2r—8 (x—4)(x+2) . x+2pps4d+2
lim = lim ———% = lim = =
a—dt 22 =3 —4  goar (x—4)(z+1) stz +1 441

2?2 —2x -8 (x —4)(z +2) . T+2psp4+2
lim = lim = lim = =
a—a- 2?2 =3 —4 a1 (x—4)(x+1) aoa-z+1 4+1
. 2?—22-8 . (v—4)(x+2) . x+2pspd+2 6
im—o = lim—nnu- " 2 — lim f _

e—4 12 —3r—4 a—d(x—4)(v+1) z—ax+1 441 5

Note: RHL=LHL here, but we didn’t necessarily need them, since we could just factor and

cancel terms.

lim

2622 — 3z —18 a6 (z—6)(z +3) o6z +3  6+3 9

2 —4x—12 1-4-12pgp —15 3

li = = e
el 72—3z-18 1-3-18  —20 1
oz —4r—12pgp —12 2
lim = = —
x—0 372 — 3z — 18 —18 3

hy Smde—12 L (@=6)(+2) w42
e——3x2—3r —18  z—-3 (x—6)(56—|—3) o z—-3x+ 3
LHL

x -+ 2 —1
RHL: i -
m_}I_H3+ r+3 ot o0
2 _1
LHL: lim 22 - —% 4o

e3-r+3 0-
a? —4r—12psp 44+8—-12 0

-4z —12 . (z—-6)(z+2) iy £F2Dsp6+2 8

6
5

6
5

DOES NOT EXIST since RHL #

li = -
S 3y 18 416-18 -8 0

i 22 —4x — 12 ox?—d4x—12 —12 N

im ——-——— = lim = = 400
-0+ x2—Tx a—0+  x(r—7) 0t (=7)

i 22— dx — 12 a2 —4x—12 —12

11 ——F——— = 1l = = —0
a—0- 22 —Tx a—0—  x(x—7) 0=(=7)

2 _4r—12
lim =7 — DOES NOT EXIST since RHL # LHL
x—0 .’IJ2 —Tx
1 x? — 4x i x(x —4) . x—4psp —4 4
1m = 111m = l1m = — —
a—022 —Tr 2—0x(x—T7) a—0x—7 -7 7
2 _ _
lim i 9: lim (a: 3)($+3)— lim $+3D§P6
r—3+ ]a; — 3’ z—3t x—3 r—3T
2

. x*-=9 . (x=3)(z+3) DSP

1 = lim ———~~ = lim —(z+3) = -6
Jm gy = i e Ty = )

23 4+ 200922 + 2000z . 23 4+ 200922 4 20002 . z(2? 4 20092 + 2000)
lim = lim = lim
r—0t ‘.’I]’ r—0+t x r—0+
= Tim_2% + 2009z + 2000 PSP 9000
x—0



31. lim = lim = lim
z—0~ |l“ z—0~ - r—0— —X
= lim — (22 + 2009z + 2000) 2" —2000
rz—0~
2
1
32,  lim M: lim w: lim x+1D§P 4
z—(—=5)+ |z + 5| z—(—5)+ x+5 z—(—5)+
2
6 ) b 1
33, m L 0EHS g, @HOEHD )Py
x—(=5)" ’SC + 5‘ z—(=5)~ —({L‘ + 5) x—(=5)"
2
6 )
34, lim © "1 DNE since RHLALHL
z——5 |I+5|
2 _ _
35 1im t 1 ~lim (t—1(t+1) ~ lim t+1 DSP 141 :_2
=112 — 11t +10 =1 (t—10)(t —1) t=1t—10 1-10 9
. 12 DSP 1
L1 = =
A Fopr e I
2 2 2 1 2 2009 (4
37 lim 009(* 4 6t +5) _ lim 009(t +5)(t+1) _ lim 009(t +5) psp 2009(4) 8036
1 24+t t——1 tt+1) t——1 t -1
_ —10z4+9 .. (x—=9)(x—-1) . x—1 psp 9—-1 8
38. lim ———— = lim = l1m = —
59 1‘2—1—93—90 9 (1 +10)(z—9) =-9z+10  9+10 19
3. lim ¢700 4 ¢400 4 4300 4 4200 4 4100 DSP
t—1
. x>—2-6 . (x=3)(z+2) . x*+2 Dpsp 3+2 .. 5
R o Rl P Y R B R A L ¥
x—1 vVe+3+2 . (z—-1)(Vr+3+2) . (z—-1)(Vx+3+2)
41. lim . = lim = lim
e—=1\/z+3-2 Vo +3+2 a—l (x+3)—4 z—1 z—1
:11%\/m+3+2Lé
T—
. 9z —2? B4V 2(9-2)3+ V) LL.
42. lim 1 —1 3 ="93+3)=54
293z 3+ T =0  9-z yoB+ V) =93 +3)
13 lim\/a:2+8—3 Va?+8+3 — tim (22 4+8)—9 i r? -1
N ViZ+8+3 o=l (2 —1)(vV22+8+3) =1 (z—1)(vV22+8+3)
, (x—1)(x+1) , r+1 LL 2 1
= lim =lim— = =
a—1(x —1)(Va?2 +8+3) +—1 a2 +8+3) 6 3
A4 lim t+4 D§p1+4 5
t—1t2 4 6t 1+6 7
45, tim 2P 2 1
w—0 w + 6 0+6 3
46. tim —2 P2 1
w—>6w—|—6 6+6 6

23 4 200922 + 2000z 23 4 200922 + 2000z . x(2% + 20092 + 2000)




47.

48.

49.

50.

o1.

52.

53.

11m5x2—3x+6D§P 25 + 15 + 6 = 46
T——

9 0
lim _wts Dipf:()

wo—2 w2 — 3w+ 2 12

3
lir% 5 DOES NOT EXIST since RHL # LHL
T—2 L —
3 3
RHL: I = — =
e ot T
3 3
LHL: li =" =—
ez -2 0 ~°
. 5 pspb
im = -
r——1 1 —x 2
lim1 DOES NOT EXIST since RHL # LHL
T— — X
RHL: lim —% = 2 — oo
z—1+t1—x 0—
5 5
LHL: 1 - — =
Ty T
. 6x 30
im = — =—-
r—5t 5—x 0~
. 6x 30
lim = = +00

x—>5*5—.’E_07+_

54. lin% z DOES NOT EXIST since RHL # LHL
r— — X
2 _ _ _ _ A
T 3w —28 o (z 7)(a:+4): i 2 Tpsp —4-7 11
z——4 244z e—-4  x(r+4) T4
2 _3z-2 — 4 —
56. hmw _ hmw — lim x
z—0 x2 +4x e—0  x(r+4) =0 I
LHL
r—7 -7
HL: 1 = = —
R xi%h' X 0+ o
LHL: lim 20 = =7 — 4oe
z—0— X 0_
—4 —4
57. 1 = — =
e Sl S
58. lin% DOES NOT EXIST since RHL # LHL
T—3 LT —
—4 —4
RHL: i = — = —
o3tz 3 0F
LHL: +o00 see #57 above
—4 —4
59. = =400

lim = — =
z—3+ 33— 0—

DOES NOT EXIST since RHL #



60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

lin% DOES NOT EXIST since RHL # LHL
xr— — X
RHL: +o00 see #59 above
—4 —4

LHL: li =— =—

B e
lim |z[+3= lim 2+3 "2 3
z—0t z—0t

lim |z[+3= lim —2+3"°2 3

z—0~ z—0~

lim |z—1]—3= lim (z—1) -3 "2 —3
r—1+ r—1t

lim |z—1/—3= lim —(z—1)—3 2" -3
r—1— r—1—

lim |z — 1] —3 = lim(z — 1) =3 2" 1

r—5 z—5

lim |z—1]-3= lim —(z—1)—320
T——2 T——2

21 Dz —1
lim < ~ o EEDEZD 1 PSPy
a1t |z — 1]  z—1t x—1 a1+
| (x4 1)(x—1) DSP
R e T ey Py i S G
.1 =2 .
lim —— = 400 since RHL= LHL
r—1 (1 — _ZU)Z

. |1 — z .
RHL: lim ——= =1 = =
et (1—x)2 et (1—x)? v T =2 ot 0-

LHL: lim =% jjy L27 1 m

= 1 —_— = 1' = 1 _— =
a—1- (1 — )2 ool- (1—1x)2 T =2 eon- OF oo
x?—4
lir% ﬂ DOES NOT EXIST since RHL # LHL
xr— €T —
2_4 -2 2
RHL: lim = T Gl |G ) NP
a2t |[x — 2| aoot x—2 a2+
24 -2 2
LHL: im &% = gy @Z2EFD gy Py
e—2- |t =2 z—m2-  —(x—2) w2~
7 — 7 — 7 —
m —— 2 — fim —— % — fim =% — fim 1%
r—T7— ‘l' — 7‘ r—T— —(.%' — 7) z—=T- 17— r—T—
. x . T . x . lon 1l
im ——=lim ——= lim — = lim - = —
a—0- ¢ — x| 20~z — (—x) 20~ 2  2—0- 2 2
92— 92— (x—2
1m7x: im - imL:lim—lL':L'—l
a2t | =2 zo2tx—2 a2t x—2 a2+



Limit Proofs: Use the € — § definition for limits to prove each of the following:
74. lin%?x —6=28.

Scratchwork: we want |f(z) — L| = [(Tz — 6) — 8| < ¢

If(x) — L| = |(Tz — 6) — 8] = |7z — 14| = |7(z — 2)| = |7||z — 2| = 7|z — 2| (want < &)

7|z — 2| < € means ]a;—2]<%

So choose § = % to restrict 0 < |z — 2| < 4. That is 0 < |z — 2| < =

7

Proof: Let € > 0 be given. Choose ¢ = % Given x such that 0 < |z — 2| < §, then

f(z)— L= |(Tz —6) =8| = [Tz — 14| = |7z - 2)| = [T|lz — 2| = Tje — 2| < T- = = <.

7
O
75. lim 2 — §:1: = 5.
T——=7 7
3
Scratchwork: we want |f(x) — L| = ‘(2 - 795) - 5‘ <e
F@) ~ L= |(2-22) =8| = |-z -3 = |- 2@+ 1| = || lo = (-D)| = 2 = (-7
N 7 7 7 7 7
want < ¢
3 7
?|x — (=7)| < e means |z — (-7)| < 3€
So choose § = %5 to restrict 0 < |z — (=7)| < d. That is 0 < |z — (=7)| < ga.
7
Proof: Let € > 0 be given. Choose § = 3¢ Given x such that 0 < |x — (—7)| < 4, then
3 3 3 3 3
@) - 11=| (2= 20) ~ 5| = |- -3 = | -2+ 1) = |- lo - Dl = 2he - (1)
< 3 ze =€
73
O

For these next proofs I will not show every detail...double check your scratchwork here, and
then follow the formal proofs as with the other similar problems.

76. lim 2z + 1= -3.

r——

Scratchwork: we want |f(x) — L| = |2z 4+ 1) — (-3)| < e



e

78.

[f(2) = LI = |2z +1) = (=3)| = 2z + 4] = [2(z + 2)| = [2[[z + 2| = 2|z + 2| = 2|z - (=2)|

(want < ¢)

<

2

So choose § = % to restrict 0 < |z — (—2)] < d. That is 0 < |z — (—2)| < %

2|z — (—2)] < € means |z — (—2)| <

Proof: Follow proofs from previous problems to fill in the details...

lim1—4z = —11.
z—3
Scratchwork: we want |f(z) — L| = [(1 — 4z) — (—11)| < ¢
|fx) = LI =|(1 —4z) = (-11)| = [ -4z + 12[ = | - 4(z = 3)| = | — 4]z — 3| = 4]z — 3|
(want < ¢)
4|z — 3| < € means |z — 3| <Z
So choose § = Z to restrict 0 < |z — 3| < 4. Thatis 0 < |z — 3| < Z
Proof: Follow proofs from previous problems to fill in the details...
lim5 — 4t = —3.
t—2
Scratchwork: we want |f(t) — L| = |(b—4t) — (=3)| <e
[f(t) =L =|5—4t) = (=3)| = [ -4t +8| = [ - 4(t = 2)| = [ — 4[|t — 2[ = 4]t — 2|
(want < ¢)
4|t — 2| < € means |t — 2| <Z
So choose § = Z to restrict 0 < [t —2| < d. That is 0 < [t —2| < —
Proof: Follow proofs from previous problems to fill in the details...



79. liml 4—-3z=".

T——

Scratchwork: we want |f(z) — L| =[(4—3z) — 7| <e

|f(@) =Ll =1(4-32) =7 =|-3z-3[=|-3(x+1)|=| -3z + 1] = 3|z + 1| = 3]z — (-1)]
(want < )
3lz — (—=1)| < e means |z — (—1)| < g

So choose § = % to restrict 0 < |x — (—=1)| < . That is 0 < |z — (—1)| < %

Proof: Follow proofs from previous problems to fill in the details...

O
80. lim —2¢t — 5 = —9.
t—2
Scratchwork: we want |f(t) — L| = |(—2t —5) — (—9)| < e
[f(@) = Ll = (=2t =5) = (=9)| = [ =2t +4[ = | = 2(t = 2)| = | = 2[[t = 2[ = 2|t - 2
(want < ¢)
2|t — 2| < € means |t — 2| <§
So choose § = % to restrict 0 < [t —2| < 4. That is 0 < [t — 2| < g
Proof: Follow proofs from previous problems to fill in the details...
O
81. lim —3z 4+ 17 = 5.
x—4
Scratchwork: we want |f(x) — L| = |(—=3x + 17) = 5| < ¢
|f(z) = L|=|(-32z+17) = 5| =| -3z + 12| = | = 3(x — 4)| = | — 3||z — 4| = 3|z — 4|
(want < ¢)
3|l — 4] < £ means |z — 4| < %
So choose § = g to restrict 0 < |z —4| <. Thatis 0 < |[x — 4| < %

Proof: Follow proofs from previous problems to fill in the details...

82. lim3 1 -5z =16.

T——

Scratchwork: we want |f(z) — L| = [(1 — 5z) — 16| < ¢
8



[f(z) = L = [(=1 = 52) = 16] = | = 5z — 15| = | = 5(z + 3)| = | = 5[|z — (=3)| = 5|z — (=3)

(want < ¢)
<
)

So choose § = % to restrict 0 < |z — (—3)] < d. That is 0 < |z — (—3)| < %

5|z — (—3)] < e means |z — (—3)| <

Proof: Follow proofs from previous problems to fill in the details...

4
83. lim ?a:—|—3:—5.

r——1

(ém+3) - (—5)‘ <e

Scratchwork: we want |f(x) — L| = ' -

7~ (-14)] = Fla — (~14)

4 4 4
= _ (= 1] =2
733+8' ‘(7(x+ )‘ ‘7

(want < ¢)

7(@) ~ Ll = (3 +8) - <_5>‘ _

4 7
5\1' — (—14)] < € means |z — (—14)| < 1€

7 7
So choose § = e to restrict 0 < |z — (—14)] < 4. That is 0 < |z — (—14)| < 1<

Proof: Follow proofs from previous problems to fill in the details...



84.

85.

86.

87.

Tangent Lines Please use the limit definition for the derivative when computing the deriva-
tives in this section.

Find an equation for the tangent line to the graph of f(z) = x — 222 at the point (1, —1)
First compute the derivative f’(x).

fx+h)— f(x) lim (x4 h) —2(z + h)?) — (x — 222)

! — l

f(z) B h h—0 h
x4+ h—22%—4xh — 2h% — x + 222 . h—4xzh — 2h? . h(1—4xz —2h)

= lim =lim ——F———=lim ———=

h—0 h h—0 h h—0 h
=liml—4z—-2h=1—-4x

h—0
Note: f'(1) = 1 —4(1) = —3, so using point slope form, the equation of the tangent line

through the point (1, —1) with slope —3 is given by

y= (1) =3z —1) or[y= 5 72)

Find an equation for the tangent line to the graph of f(z) = /x at z =4

First compute the derivative f’(x).

f,(x):hmf(gchh)—f(:c):li \/:c+ VT +h—z — lim vr+h—Vx Vaz+h +\F

: (x+h)—=x . h : 1 1
= lim = lim = lim =

=0 h(VT+h+x) h=0h(Ve+h+yx) h=0Vr+h+x 2/

1 1
Note: f'(4) = i =T The point is (4, f(4)) = (4,V4) = (4,2). Therefore, using point
1
slope form, the equation of the tangent line throught the point (4, 2) with slope 1 is given by
1 1

y—2=1($—4) or yziw—kl.

At which point(s) does the graph of f(x) = —22 + 13 have a horizontal tangent line?
First compute the derivative f'(x).

f(x+h)— f(z) (—(x+h)? +13) — (=22 + 13)

/ :1- :1.
Ja) = finy h iy h
—x2 —2zh — h? +1 21 —2xh — h? —2r —
= lim m sh—h"+13+z 3:limﬂzlimmzlimf2x7h
h—0 h h—0 h h—0 h h—0
= -2z

Note: Set f/(x) = 0 and solve f'(x) = —22 = 0 = x = 0 so the point is (0, f(0)) =1 (0,13) |
At which point(s) of the graph of f(z) = —z3 + 13 is the slope of the tangent line equal to
-277 What’s the picture representing this problem?

First compute the derivative f’(x).
fleth)—fz) . (@t h)3 +13) — (—23 +13)

R
Filw) = flblg%) h h—0 h
. —2®—32*h —3xh? - K3+ 13+ 2% —-13 | 32 h—3zh? - h®>  h(—32? — 3zh — h?)
= lim = lim = lim
h—0 h h—0 h h—0 h

10



88.

89.

90.

= lim —32% — 3zh — h? = —3a>
h—0

Note: Set f'(z) = —27 and solve f'(z) = —32% = —27 = 22 = 9 = x = £3 so0 the points are
(37 f(?))) = (37 _14) and (—3,f(—3)) = (_3740) :

There are two points on the graph of the curve y = —z? 4+ 7 whose tangent line to the graph
at those points passes through the point (0,11). Find those two points.

CHALLENGE!
First compute the derivative f’(x).

. flx+h)— f(x) . (—(x+h)?2+T) = (=22 +7)
! _ —
Fey == =i n
a2 —2xh—h2 4T+ a2 -7 . —2xh — h? . h(—2x—h) .
= lim =lim ——=lim ———2% =1lim -2z —h
h—0 h h—0 h h—0 h h—0
=2z

Let a point on the graph be given by (a, f(a)) = (a, —a?+7). The slope of the tangent line at
this point (a, —a?+7) is given by f/(a) = —2a. The tangent line to this curve through the point
(a, —a®+7) with slope —2a is given by y — (—a?+7) = —2a(z —a) or y+a® -7 = —2ax +2a°.
For this tangent line to pass through the exterior point (0,11), that means the point (0,11)
satisfies the equation of the tangent line. Then, 11 +a? —7 = 0+ 2a® or a? = 4 = a = +2.
So the two points of interest here are (2, f(2)) =|(2,3) |and (-2, f(=2)) =|(-2,3) |

Find the equation of the line passing through (2, 3) which is perpendicular to the tangent to
the curve y = 23 — 3z + 1 at the point (2, 3).

First we will find the slope of the tangent line to this curve when x = 2. Then we will take
minus the reciprical of that slope to finish the problem.

First compute the derivative f’(x).

f(x+h)— f(z) (x+h)3=3@x+h)+1)— (23 -3z +1)

N s
L h

o34+ 322h+3xh2+ R —3x—3h+1—2*+3zx—1 o 322h +3xh? + k3 —3h
= lim = lim

h—0 h h—0 h

h(3z2 h+h?—

i PBTABTR AT =) s s n? 3302 3

h—0 h h—0

1
Thus, f’(2) = 9, so the line perpendicular to that would have slope equal to ~9 The

1
equation of the line through the point (2,3) with slope —g is given by point slope form as

1 1 29
y—3:—§(x—2). So, y:—gx—i—?.

Find the equation of the tangent line to the curve y = 2% +  at the point(s) where the slope
equals 4.

h) — h)3 h)) — (23
o)t FEEW @) (b ) - @ o)
h—0 h h—0 h
3+ 32%h+3zhP+ R+ +h -2 —2 . 322h+3zh?+R3+h
= lim = lim
h—0 h h—0 h

11



91.

92.

93.

94.

95.

96.

. h(322 +3zh+ h?+1)
= lim
h—0 h

:%11%3x2+3xh+h2+1:3a:2+1

Set f/(x) = 322 + 1 = 4 and solve for z = £1. Therefore, the points where slope is equal to
4are (1,(f(1)) = (1,2) and (-1, f(=1)) = (-1, -2).

The equation of the tangent line to the curve, at the point (1,2) with slope equaling 4, is

given by y —2 =4(x — 1) or .

Finally, the equation of the tangent line to the curve, at the point (—1, —2) with slope equaling

4, is given by y — (=2) = 4(x — (—1)) or .

Derivatives Use the limit definition of the derivative to calculate the derivative for each of
the following functions:

f(z) =3 — 922
— _ 2) _ (2 _ 02 9,2 _ _9p2 _ 2

() = lim f(x+h) f(a:):hm (3—=9(x+h)*) — (3 Qx)zhmi% 9z* — 18xh — 9h* — 3+ 9z

h—0 2h h—0 h h—0 h
. —18zh—9h® _ h(—18z—9h) B
f(z) = -4z — 2% -3

_ _ _ 2 _3) _ (—4p — 12 —

o) — i @D @) (A ) = (@ h? = 3) = (A —a? = 3)

h—0 h h—0 h

. —dx—4h—2*—2zh—h?> -3 +4zx+2*+3 . —4h—2zh—h®  h(—4—2z—h)

= lim = lim = lim
h—0 h h—0 h h—0 h
P T

-3
flz) = —

-3 (3 =3z +3(z+h)

. fl@+h)—f(x) . x+h x (x+h)x
/ _ _ —
flw) = Jim h = h = h

=3z +3z+3h . 3h 3 3

=lm ————=lim ——— = lim —— =
B0 h(z + h)x hli%h(x%—h)x hli%(m—{—h)x x?

f(z) = —92% + 3 Repeat...See #91 above.

fz) = ?

— 3 _ .3 3 2 2 3.3
f’(fU):lim f(w—i-h) f(m)zlimw:hmx +3x°h+3xh* +h T

h—0 h h—0 h h0 h

:hii%%h%hm = = Jim & +:;)Lxh+h)Z}lliir(l)3x2+3xh+h2:-3x2
f(z) =2 -4z +3

— 2 _ 2
fa) = tim 2EFN =@ @B et ) +3 - (@7 - dr+ )

12



22+ 2ch+h?2—4r—4h+3—22+42x—3 . 2xh+h%—4h . h(2x 4+ h—4)

:l = —_—m _— =

h—0 h h—0 h h—0 h
lim 2 h—4=|2z—-14
1
97. = —
fl) =

1 1 <$(x+h))
f(x) = lim fz+h) — f(x) — lim (+h)? 2 — lim (z + h)?a?

h—0 h h—0 h h—0 h
_hm:z:2—a:2—2xh—h2_ m —2zh —h? m h(—2x — h) — lim —2x—-h 2
h=0  h(z+h)222 =0 h(z+h)222  hoo h(x 4+ h)222 =0 (z 4+ h)22?2 2t

-2
P
98. f(z)=Va -7
. flx+h) = flx) . N (w+h) —T—Vr T
!/ _ —
Fo=m= =% h
— lim \/(x—kh)—?—\/x—?.\/(a:+h)—7+\/:c—7_hm (x+h—-T)—(x-7)
h—0 h V@+h) —T+Ve =7 h=0h(\/(x+h)—T+Vz—T)
, s+h—T—a+7 . h - 1
lim = lim = lim
h=0h(\/(x+h)—T+x—T7) h=0h(\/(z+h)—T+Vr—-T7) h"=0\/(x+h)—T+zx -7
_ 1
Clove =7
99. f(x) =3z —7
h) — h) —
o) i @D @) /R =T = Vs
h—0 h h—>0
\/Bx—i—h — T3z -7 \/3 7—1—\/337— Bx+h)—7)— Bz —17)
;Ho h V3( +\/333— hHOh 3(x+h)—T+3z-T7)

BT HBh—T-3047
hwh\/swrh —T+V3z-7) hﬂﬂh\/3x+h—7+\/3a;—7)

3 3
h=0\/3(x+h) —T+3x -7 |23z -7
1
1 1 23— (x + h)?
f(z+h) - f(z) (z+h)> 2 _ (z + h)’a?
o) —
flw) = i h = h = h
~ lim 23 — 2% — 32%h — 3zh? — B3 | —3a?h — 3zh* — h3 ~ lim h(—3z% — 3zh — h?)
R0 h(z + h) h—0  h(x+ h)323 h—0 h(z + h)3x3
_ —3z*=3zh—h* —3z* |-3

= lim = =

h—0 (x4 h)3z3 6 x?

13



wa@)—v%
11 (\/E— a:+h>
f(xz) = lim fath) = J) = lim Yet+h V@ = lim v+ hye
h—0 h h—0 h h—0 h
g VE-VEER L VE— ¢x+<¢+¢?+> -~ —(z+h)
e N L e Nl WY ey R L Y e T s
—h . -1 —1 -1

S VE T hva( e VR A Vet hvae Ve s h) | (VORYE |22

Functions and Limit Practice Problems Evaluate the following limits:

-1
102. Let g(z) = 2z + 1. Compute i}in W =

lim r—1 I r—1 I r—1 ) 1 1
im-———— =1lim ——— = lim =lim —— ==
z—1 (21‘2+1) 3 z—1 212 — 2 z—1 2(x—1)(a:—|—1) z—1 2($+1) 4

u? — 2u
103. Let G(u) = u? + u. Compute ilinm:
22 —2 —2 2
lim u u :hmM:- M:lim u :7:
u—2 (u—3)2+(u—-3) w-2u?—-5u+6 w-2(u—-3)(u—2) w-2u—-3 -1
Fx—1
104. Let F(x) = |z| + 1. Compute }EEFH:
—114+1 —1 1 1 4
i |z —b|+1 amd—(z—5)+1  1+1 2

105. Let h(y) = y* — 3. Compute $l_i)r]£12 h(2x)x—tz(2x 6 =
lim vt = lim vz
e—-2((22)2 =3) — ((z+6)2—-3) a—-2(4a? —3) — (22 4+ 122+ 36 — 3)
= lim v+ 2 lim x——|—2 lim r+2
2422 — 3 — 22 — 127 — 33 22322 — 1227 — 36 a2 3(z? — 4z — 12)
= lim L2 = lim ;:—i
r——2 3(1’ — 6)(ZE + 2) r——2 3(5[3 — 6) i

24+8)—3
106. Let g(z) = /z. Compute lin% g(ss-i-_i =
lim 52+8—3_hm\/52+8—3 \/82+8+3_hm s2+8-9
s—1 s—1 s—1 s—1 vVs2+8+3 5—’1(8—1)(\/82+8+3)
s2—1 ) (s—1)(s+1) ) s+1 2 1

lim = = lim = _ =
s=1(s—1)(Vs?2+8+3) s—1(s—1)(Vs2+8+3) s—1vs2+8+43 6 [3
14



fE=1)=2f()

1
107. Let f(t) = rt Compute %m% =

108.

109.

110.

2 —4
( 1 _2> <t—2(t—1)) (—t+2
. \t—1 ¢ . (t—1)t _\(t—1)t . —(t—2)
1 =1 =lim 2/ —]
D2 24 i 24 D2 24 i DHt—2)(t+2)
_ -1 —1 1
= lim = =|—=
=2 (t—1tt+2) 1-2-4 8

More Tangent Lines Please use the limit definition for the derivative when computing
derivatives in this section.

Find an equation for the tangent line to the graph of f(z) =

1
0 at the point (0, —1).

First we compute the slope f'(x):

1 1 (x—1)—(z+h-1)
F(z) = Tim flath) - f@) _ . ((w+h)—1 x—l) i (((m—l—h)—l)(x—l))

h—0 h h—0 h h—0 h

< r—1—xz—h+1)
 \(@+h) -D-1) . —h . -1 1
) h 0@+ h—1a—1) hso(@+h-D@—1)  (x— 1)

Note: f'(0) = —1. Therefore, using point slope form, the equation of the tangent line through

the point (0, —1) with slope equal to —1 is given by y — (=1) = —1(z — 0) or .

1 ) 1
at the point (1, = |.
1 2

Find an equation for the tangent line to the graph of f(z) =
x

First we compute the slope f'(x):

((x+h)+1)(x+1)

fa@+h) = f@) _ . ((a:—k}ll)—i-l_:cil) | ((Hl)_(HhH))

!/ — 1 —
f(z) hli% h h—0 h h—0 h
< r+1l—xz—h-1) )
. ((x+h)+1)(x+1) . —h . -1 1
= lim = lim = lim = —
h—0 h h—oh(x +h+1)(z+1) hr—0(x+h+1)(xz+1) (x +1)2
1
Note: f/(1) = T Therefore, using point slope form, the equation of the tangent line through
1 1 1 1 1
the point <1, 2) with slope equal to ~1 is given by y — 3= —Z(a: —1or|y= 5 + Z .
Find an equation for the tangent line to the graph of y = 3 + 1 when z = 1.
x
First we compute the slope f'(x):
3 3 3 3
— 4 1> - < + 1) 2
h—0 h h—0 h h—0 h
3z —3(x+h) 3x — 3z — 3h
= lim (z + h)x = lim (z + )z = lim _sh lim S B &
© h=0 h =0 h h=0h(z+h)z ho0 (z+h) a2

15



111.

112.

113.
114.

115.

116.

117.

118.

119.

3
Note: f'(1) = -1 = —3. Therefore, using point slope form, the equation of the tangent

3
line through the point (1, f(1)) = <1, -+ 1> = (1,4) with slope equal to —3 is given by

1

Find an equation for the tangent line to the graph of y = 2® — 4z + 2 when = = 1. At what
point is the tangent line to this curve horizontal?

First compute the derivative f’(x).

flx+h)— f(x) (x+h)?—4(x+h)+2)— (22— 42 +2)

b L
i) = Jim h = pm h

. 224 22h+h* 4 —dr—4h+2—2? +4r—2 . 22h+h®—4h | h(2z+h—4)
= lim =lim—=lim ——=
h—0 h h—0 h h—0 h

=lim2x+h—-4=2zx—4
h—0

Note: f’(1) = —2. Therefore, using point slope form, the equation of the tangent line through
the point (1, f(1)) = (1,—1)) with slope equal to —2 is given by y — (=1) = —=2(x — 1) or
y=—-2x+1|

Functions Please state what the domain is for each of the following functions.

f(z) = zi_? Domain= {z|z # 1} or (—o0,1) U (1, 00).

g(x) = vax —2 Domain= {z|z —2 > 0} or {z|z > 2} or [2,00).
g(x) =+v2—2 Domain= {z|2 —z > 0} or {z|xr < 2} or (—o0,2].

1
g(x) = 5 Domain= {z|2 — z > 0} or {z|z < 2} or (—o0,2).
-z
f@) = 2=> Domain= R or (~0,0)
7) = 35 Domain=Ror (—00,00).
1
w(z) = poy Domain= {z|z # 4} or (—00,4) U (4, c0).
>+ 6148
f(z) = % Domain= {z|z # —2} or (—o0, —2) U (—2,00).

More Functions

1
Let g(z) = i Compute (and simplify, if possible) the following:
x

(b) 9(0) =

1

(c) g(;)=2+1=

16



120. Let f(z) =

1
1 —+1
@ o (55) = 20— =1
10
(t—2)+1 |t—1

() gt =2)="——F— =|;=5

(2+h)+1\ 3 (3+h)2—3(2+4h)
. ¢2+hy—mm( 2+h )_2( (2+h)2 )6+2h—6—3h
(£) h B h B h  h(2+h)2
—h —1

h2+h)2 | (2+h)2

1

1
— —. Compute (and simplify, if possible) the following:

x+1 x
11 1
1:7—7:7—1:—7
(@) f) =177 3 2

(b) f(~1) = [undefined]
@ 7(-3) = —— - =2+2=[1

5+l 3
(d) f(t—l):(t_i)Jrl—til:1—ti1:(tt(—tl_)1—)t: t(t__ll)
R NN N R

More Functions

1
121. Let f(x) = /x, g(z) = 2® + 4, and h(z) = e Compute (and simplify, if possible) the

following:

(@) o h(a) = o f@) = f(ha)) = W) = £ (3 ) = 1) =1 = o= =0

(e) hogo f(x)=h(g(f(x))) = h(g(v)) = h((VZ)* +4) = h(z +4) =

1

(6) 9o f o @) = g7 (1@) =g(f (V) =g (a}) = () +4=[Va+1

(8) gog(x) =g(a® +4) = (22 +4)> + 4 =o' + 82% + 20|
17




122.

123.

124.

Suppose lir% f(x) =3 and lin})} g(z) = —2. Assume g is continuous at x = 3. Find each of the
Tr— Tr—

following values:

(a) lim 2f(x) —4g(z) = lim 2f(x) — lim 4g(z) = 2 lim f(x) — 4 lim g(x) = 2(3) — 4(-2) =
z—3 z—3 z—3 z—3 z—3
6+8=
All of these limits are split up appropriately because of the Limit Laws.

. -9 . a?-9 _ (z—=3)(z+3)
() fimo(e)- 5 = Fmote) - fimy S = limg(e) iy =T

z—3 r—3
= 1img(x)-igx+3=(—2)-6:

r—3

= li =|—-2| b d tob ti tx=3.
(c) 9(3) x;n}?)g(x) ecause g was assumed to be continuous at x =3

(@) lim g(f(2)) = g (lim f(x)) = 9(3) = =2

(© tim /T~ 8g00) = | lim (7)) — 8g(0)) = |l (7@)? — lim sg(x)

r—3 r—3
=/ (im 10))" 8 imy o) = /87~ 82 = VOT TG = 5 =

Consider each of the following piecewise defined functions. Answer the related questions.
Justify your answers please.

SEE THE NEXT HANDOUT LINK FOR THE SKETCHES!

x if <0
Let f(z) =< a2 if 0<z<2
88—z if z>2
Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:

lin% f(z) = DOES NOT EXIST since RHL # LHL

LHL: lim f(z) = lim a? =4
RHL: lim f(z)= lim 8 —x =6

z—21 r—2+

lim f(x) = 0 since RHL= LHL

z—0
LHL: lim f(z) = lim x =
z—0~ z—0~
RHL : lim f(z)= lim 2® =0
z—0t+ z—0t
Despite the fact that f(2) = 4 is defined, f is discontinuous at x = 2 since lir% f(z) DOES
T—
NOT EXIST.
x+2 if <0
Let f(z) =< 222 if 0<z<1
3—x if z>1

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
lim f(z) =lm3—z =1
T—2 T—2

lim f(z) = 2 since RHL= LHL
xr—

18



LHL : lim f(z) = Tim 22% =2
RHL : xlin11+ f(z) = xlir?*'?) —r =2
lin% f(z) = DOES NOT EXIST since RHL # LHL

LHL: lim f(z)= lim z+2=2

z—0~ z—0~
RHL : lim f(z) = lim 22° =0
z—07t z—0t
Despite the fact that f(0) = 0 is defined, f is discontinuous at = 0 since lin}) f(z) DOES
NOT EXIST.
if <2
x —
125. Let f(z) =
1
- if >2
x
Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
1 1

li = li = ——

lin% f(z) = DOES NOT EXIST since RHL # LHL
r—

1 1
LHL : 1i = I =—=
xigl— f(«T) :cigl— .’E—14 1 2
RHL : 1i = 1i = — = —
Jim, fle) = lm = =3

1
Despite the fact that f(2) = 3 is defined, f is discontinuous at x = 2 since lir112 f(z) DOES
NOT EXIST.

126. Let f(z) :{ _9 if >3

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
lir% f(z) = DOES NOT EXIST since RHL # LHL.
Tr—

LHL: lim f(z)= lim —3z+4=-5

T—3 T—3"
RHL: lim f(z)= lim —2= -2
x—37+ x—37F

lim f(z)= lim —3z+4=10
x——2 x——2

Despite the fact that f(3) = —5 is defined, f is discontinuous at x = 3 since lin% f(z) DOES
xr—

NOT EXIST.
t—3 if t<3
3—t if 3<t<H
127. Let f(t) = 1 i oros
3—t if t>5

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
%in% f(t) = 0 since RHL = LHL

19



128.

129.

t—3~ t—3~
RHL: lim f(t)= lim t—3=0
t—3+ t—3t

P ) = e =3 =

%in% f(t) = —2 since RHL=LHL

LHL : lim f(tf) = lim 3 —t= -2

t—5— t—5—
RHL: lim f(t) = lim 3 —¢t= -2
t—5+ t—5+

Despite the fact that f(5) = 1 is defined, and lin% f(x) exists and is equal to —2, f is

discontinuous at = 5 since those numbers are not equal. That is, lir% f(z) # f(5).
Tr—

—2r if z<0
Let f(z) =< a2 if 0<z<2
6—x if x>2

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
iy () = Jlim, —2w =4
lin% f(z) = 0 since RHL=LHL

LHL: lim f(z) = lim —2z =

z—0~ z—0~
s 7 2
RHL: i, /() = i o =

lir% f(z) = 4 since RHL= LHL
r—

LHL: lim f(z) = lim 2% =4

T—2— r—2~
RHL: lim f(z)= lim 6 —z =4
z—2F z—21

lim f(z) =llm6—2=0
z—6 z—6

Notice that f is continuous at all real numbers since the three pieces of the graph of the curve
match up at the break points. Specifically lim f(x) = f(a) for every number z = a.
r—a

z3 if x<-—1
Let f(z) =14 =z if —l<zxz<l1
1l—2z if z>1

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
lim1 f(z) = —1 since RHL= LHL
r——

LHL: lim f(z)= lim 3= -1

r——1— r——1—
RHL : i = 1l =-1
A 0= I

lim1 f(z) = DOES NOT EXIST since RHL # LHL

LHL: lim f(z)= lim =1

z—1- r—1—
RHL: lim f(z)= lim 1—2=0
z—1+ z—1t

20



130.

131.

Despite the fact that f(1) = 0 is defined, f is discontinuous at z = 1 since liml f(z) DOES
xr—
NOT EXIST. Also, f is discontinuous at z = —1 since f(—1) is undefined.

z—1 if <2

1 if 2<ax<4
Let fr) =9 3 . —4
Ve o if z>4

Sketch the graph. Find the numbers at which f is discontinuous. Evaluate:
) = e = 1=

lim2 f(x) =1 since RHL= LHL

Tr—

LHL: lim f(z)= lim 2 —1=1

T—2~ r—2~
RHL: lim f(z)= lim 1=1
z—2+t r—21

linr}1 f(z) = DOES NOT EXIST since RHL#ALHL

LHL: lim f(z)= lim 1=

T—4~ r—4~
RHL : 1 =1l =2
A @)= g v

f4)=3
Despite the fact that lir% f(x) exists and is equal to 1, f(2) is undefined. Thus, f is discon-
Tr—

tinuous at x = 2. Also, despite the fact that f(4) = 3 is defined, f is discontinuous at x = 4
since linr}l f(z) DOES NOT EXIST.

—8F2 if <0

x

2 if =0

%x—él if 0<a<16

L3 if > 16

Sketch the graph. Find the numbers at which h is discontinuous. Evaluate:
xlirr_12 h(z) = DOES NOT EXIST since RHLALHL

Let h(z) =

LHL: lim hA(z)= Ilim 5 _ —00
T——2" rz——2- T -g 2

RHL: lim h(z)= lim = 400
r——2+ r——2+ T + 2

lir% h(xz) = DOES NOT EXIST since RHL#LHL

LHL : lim h(z) = L =
A

RHL: lim h(z)= lim —z—4=—4

r—0t z—0t

lim h(z) = 4 since RHL=LHL

z—16

LHL: lim h(z) = lim lx —4=4
z—16~ T—16~
RHL: lim h(z)= lim z =4

z—1671 r—1671
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132.

133.

Note that h is discontinuous at x = —2 since h is undefined there, as well as the fact that
lim2 h(z) DOES NOT EXIST. Also, despite the fact that h(0) = 2 is defined, h is discontin-
T——

uous at x = 0 since lir% h(z) DOES NOT EXIST.
xr—

8 if <0
x_
Let h(z) = ¢ 2 if =0
1
538—4 if >0

Sketch the graph. Find the numbers at which & is discontinuous. Evaluate:
liH(l) h(z) = —4 since RHL=LHL
r—

LHL: lim h(z) = lim 5 _ —4
z—0~ z—0~ % -2
RHL: lim h(z) = lim —z—4=—4

z—0t z—0t
: 1
) = i 5= =3
Despite the fact that h(0) = 2 is defined, and liH(l) h(z) exists and is equal to —4, f is
r—

discontinuous at = 0 since those numbers are not equal. That is, hII{lJ h(z) # h(0).
xTr—>

8 if z<0
x_
Let h(z) =
1
533—4 if >0

Sketch the graph. Find the numbers at which h is discontinuous. Evaluate:
lirr(l) h(z) = —4 since RHL=LHL
r—

LHL: lim h(z)= lim 5 _ —4
r—0— z—0~ .:zl. -2
RHL: lim h(z)= lim —z—4=—4
x—07F x—07F
1 7
I — lim -z —d4=—2-
lim () = lim 5o 2
h(0) = —4
Unlike the previous (similar) example, h is NO LONGER discontinuous at x = 0 since
h(0) = —4 is defined, and ]iH(l) h(z) exists and is equal to —4. Since those numbers are now
€Tr—

equal, that is, lin% h(z) = h(0), then h is now continuous at z = 0.
xTr—>
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