Extra Examples of € and § precise proofs for Limits

Professor Danielle Benedetto

Math 11

1. Prove : lim2 Tx — 6 = 8 using the € — § definition of the limit.
Tr—

Scratchwork: we want |f(z) — L| = [(Tx —6) — 8| < ¢

If(x) — L| = |(Tz — 6) — 8] = |7z — 14| = |7(z — 2)| = |7||z — 2| = 7|z — 2| (want < )

7|z — 2| < € means ]a:—2]<%

So choose § = % to restrict 0 < |z —2| < 4. Thatis 0 < |z — 2| < =

7

Proof: Let € > 0 be given. Choose ¢ = % Given x such that 0 < |z — 2| < §, then

|f(:c)—L|:y(7m—6)—8|:|7;c—14|:|7(x—2)|:|7||;c—2|:7|<p—21<7§:s.

2. Prove : lirr% 4 — 5x = —1 using the ¢ — ¢ definition of the limit.
Tr—

Scratchwork: we want |f(x) — L| = |(4 —bz) — (—1)| <€

|f(z) =L =|(4-5z)—(-1)|=4—bzx+1]=[5-5z|=|—-bx+5=|—-5(z—-1)|=
| — 5|l — 1| = 5|z — 1| (want < ¢)

5|z — 1| < € means |x—1|<§

So choose § = % to restrict 0 < |z — 1| < 4. That is 0 < |z — 1] < %

Proof: Let € > 0 be given. Choose § = % Given x such that 0 < |z — 1| < §, then

1f(z) — L] = |(4—52) — (—1)| = [4— bz + 1| = |5 — bz| = | — bz + 5| = | — 5(z — 1|
:]—5Hx—1|:5|x—1]<5-§:5.



3. Prove : 111]512 % — 4 = —2 using the € — § definition of the limit.
T—

Scratchwork: we want |f(z) — L| = ‘(% —4) — (_2)‘ <€
F@)-Ll= |G - - (2| =[5 —4+2 =|T 2| = ‘é(x_ 12)‘ _ ‘é

(want < )

1
—12| = = |z—12
j-12] = clo—12]

6
So choose § = 6 - ¢ to restrict 0 < |z — 12| < 4. That is 0 < |z — 12| <6 - &.

|z — 12| < € means |z — 12| <6 -¢

Proof: Let e > 0 be given. Choose 6 = 6-¢. Given z such that 0 < |z — 12| < J, then

|f(ac)—L]_‘(6—4)—(—2)’—‘36;—44—2‘—‘2—2’_‘;(35—12)‘

|

@12 = Lo — 12| < 6.2 =
X —6$ 6 E =¢c.

Please try and pay attention to the format of your proof. Be explicit about where your proof
starts and ends. Be careful to follow the € — § definition of the limit. Show all of your work
in order to justify your statements. Finally be clear on what your choice of J is.



