Math 106 Final Examination May 13, 2014

1. [30 Points] Compute each of the following derivatives.

1
z|=)—Inz(1) _
First, f'(x) = (m)mz =- z;nm'
9 1
8| —=] - (1 ~Inz)(2x) —2z(1=Inzx
Nest, F/(z) = ( .'1:) o =T :1;(4 n )_

Finally, f/(1) = —=— 2(11 —Ind)  1oa-

Answer Key

3=z /
(b) g; In (e seex + ﬁ) Do not simplify the final answer here.

eln::: (4 _ I4)4

First simplify using algebraic properties of the log.
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E;ln( hE (4= 7173 —Eln(e \/sec:r+\/5)—ln(e (4—:1:))

= 5 ) i (Vaeoa + VB )~ 1n () < n ((4 - o)

_d 1 _ _ .4
—a(3—m)+§ln(seca:+ r) —Inz—4In (4 — z4)

1 1 1 1 1
o ——J-=_3 —473
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(c) ¢'(z), where g(z)= (sinz)z

Let y = (sinz)=. (or keep using g(z), it doesn’t matter). Looking for j_g:'

Iny=In [(sinm)%] = %ln(sinm)

Implicitly differentiate

1 dy _ 1 . 1
5% N zsinm(cosm) + In(sin z) ( 32)
In(si :
Solve @ =y CO_S"": _ n(sin z) =|(sin m)% CD-S.'L‘ _ In(sin z)
dz Tsinz x? rsinz z?

(d) j—z, if sec?y—cosz = eV + (In(e + 5))z
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Implicitly differentiate:

d
——sec’y —cosz = d%:-ezz” + (In{e + 5))z

dz
dy . 22 2 dy
2secy(secytany) — +sinz = e” ¥ | z°== + y(2z) | + In(e + 5)
dz dz
Distribute:
dy z2y 3Y 2
2secy(secytany) — + sinz = zle yd + 2zye® ¥ + In(e + 5)
Isolate gy terms:
dz

2secy(secytany) % - zge”zyj—z = 2zye” ¥ + In(e + 5) — sinz
Factor:
(2sec ytany — z%e® ”) : = 2zye® ¥ + In(e+5) —sinz

Solve:

dy 2zye™ ¥ + In(e + 5) — sinz
dr | 2sec?ytany — z2e=¥

1 1 1
—— =+ ———+ ————— Do not simplify.
sinVe® el eVe+Tenz | frgn T en? o

First rewrite to simplify and prepare:

{e) v, wherey=

1

-1 _ -1
y= (sin e+ e ) 4 g~ VEiHTsinz (75in:1:+e"’2) :

{continued ...)

-2
¥ =|- (sin\/e"+ei) cos Ver + e’ (

weTa)©

+e— Vi HTsing (_ (2z + 7cos z) | (continued ...)

1
2V + 7sin:r:)

1 . 2\ "8 22
—5(7smm+e ) (7cosz + €™ (22))

2. [20 Points] Compute each of the following derivatives.

(a) f’ (%) where f (m)—590(2$)+0052(2:1:)+—u-21—$

First, f'(z) = 2sec(2z) tan(2z) + 2 cos(2z)(— sin(2z))(2) — 2(sinz)~2 cos z.

v, 1 (5) =2 5)) - (2 5)) 20 2 5)) (-5 o () 0 -~k



- (3) o 5) - 3) (o 5) - o
V3

(s (5))

—Q=4s/§—\/§—4\/§= -3

-sna-o(3) (2) - 5

(b) f (%) where f(z) = cos(3x — ) + sec (3) + 3sin (,_,: _ %)

First, f'(z) = —sin(3z — m)(3) + 0 + 3 cos (:z: - %)

Then, f' (%) = —3sin (3 (%) —1r) + 3 cos ((g) - g) = —3sin0 -+ Jcos0 =0+3=

(c) I (g) where f(z) = cos(2z) — sin(2z) + 2tanz
First, f'(z) = —sin(22)(2) — cos(2x)(2) + 2sec? z

Next, ' (7) = —sin (2(5)) @) - cos (2 (3)) @ +2sec? ()

=—25in(g) 2cos(2)+2sec ( )=—2(1)— 2(0) +2(v2)? = -2 +4 =[2]

3. [35 Points] Compute each of the following integrals.

1-+/z :1:.11—3: :c%—:r%—:t:-f-:r% .7;% m%
(a) dz = d
P

2

T= [ — —— —

=/a:‘§—m‘%—%+m‘é dz = —gaz‘“§+6$_f‘?—lnlml+2\/§+0

(b) f:z: (3z — 1)%0M gz = ( ) 2014 g, ;/u2015+u2014 du

2016 2015 _ 112016 _ 1)2015
=%(u L )+C’— (3:1: 1) (:1: 1) )-}-C’

2016 ' 2015 2016 2015
+
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Here| ., =3dx
%du =dz

2 g 1 (751 1 !
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u =z22-9
Here| du =2zdxr |and IS S
1 r=2 = u=-5
§du = zdx
(d)f T+ dz = — /—du /e‘"du:—(—e_“)+0=e_"+0= il+C'
rlet ex
1
U = -
T
Here du ———2dm
1%
—du —Fdﬂf
:  10(/5— Vi
= du—f T2 du= ul =10(v9—-+v4)=10(3 - 2) =
@ [ w2 u =100/~ vE) = 10(3-2)
Here u TI'HH‘T and r=e =pu=1+lhed=1+3=4
du —dz z=e® = u=1+lnef=14+8=9
T
ﬁsin(z)cos(w) 1 1 3 1 %)2 1
(f)/ L 5 Z d&:=——] udu———(y-) =—=| 24 _Z
2 e s T J1 m 2 1 m 2 2
__L(i1\__1( 3\ _[T
T on\8 2/ =« 8/ |8n
'z
u =sin{—
du = (:ﬁ') T 4 =2 =>u=sin(g)=1
Here 1 ’ _COS(;) (_13:—2) © e =06 =>u.-sin(£)—l
——du =cos(£) (—-2—) dx 6 2
m xT T
()f’“ 1 J 1‘/'%10!_16_11_1
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L8 _4y__1f21 32\ _ 1/ 5)_|5
T 2\8 3/ 2\24 24 2\ 24 48
=1 =2z -
du :;—;:cd z=1In2 =:>u=1—.~3‘21“2=1—-@3.1"(2 2)=1—-1=§
Here 1“ ""13 T |and - in(3-2) ‘11 §
] =] =g74nd =1 _ @M = —_ -
§du =ede r=In3 = u=1-¢ l—e 1- =3




4. [10 Points] Find the equation of the tangent line to the curve

y= sin(ln(l + 3‘3)) C In(l -+ sin 27) C 1—_'_7[1?1__'_:!:) + Sin(e3:r: _ 1)
at the point where z = Q.
First compute the corresponding y-value.
e
—— -1 5 R C T

y(0) = sin(In(1 + 0)) n{1 + sin 0) T+ (L1 0) + sin(e” — 1)
=smm)—mu)-§+mmm=0—o—e+0=—e
Second, compute the derivative

;_ cos(In(l+1z)) COS T e 1 3 1\.3z
v= 14z 1+sing + QI+In(14+z))2 \1+= A e™(3)
Next find the specific slope when z = 0.

iy - cosin(l+0)) cos( e 1 0 _ 11,0
Y0 =—735 T+sin0) " Axmron? \130, T e ~De(d)

— cos(0) — (°°1S°)+ (1:0)2 (141ro) + cos(0)(1)3) =1—1+e+3=e+3

Finally, use point-slope form to get the equation of the tangent line y — (—e) = (e + 3)(z — 0).

We have{y = (e+3)z—e

D. [20 Points] Consider the function given by
1 1 1 =z e 1
fl@)=e+ o +a+ o+ + o+t -tert —

(a) Compute the derivative, f'(z).

First rewrite

f(-'i?)=e’”+e_""+.1.r“’+n:_"+e"+i+l:r:-f-e:z:_l+e:r:-|—1;r:‘l
e e e

1
Next, f'(z) =|e* —e ™ ®+z° —ex 1 4+ 0+ 0+ % —er 2 4e— E:r:"2

(b) Compute the antiderivative, / f(z) dz.

ff(m)dm=fe*+e‘“+me+m'e+e“+ie+1m+i+em+l(l) dx
€ e T e \T

e+l poetl 1 1 /22 ex? 1
= | gL — =T € . il Bl l - —
ef—e +e+1+_e+1+em+eew+e(2)+en|:n|+ 5 +eln|m|+C




4
6. [15 Points] Compute / 4—z—2% dx using each of the following two different methods:
1

(a) Fundamental Theorem of Calculus,
(b) The limit definition of the definite integral.

(a) Fundamental Theorem of Calculus

2 3

4 x
j; 4—x—2z° dx=4z-?—?

(b) Limit definition of the definite integral
b—a 4-1 3 3i

=—=—,and:r:,—a.+1A:c—1+—
n n

4 n
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Recall Zz "("“)(2"“) - Zi=fw e Zl—n
i=1 i=1

7. [10 Points] A photographer is televising a race from a position that is 10 feet from the track
in line with the finish line. When the lead runner is 8 feet from the finish line, he is jogging at a
rate of 4 feet per second. At this moment, how fast is the photographer rotating to keep the runner
in direct view of the camera?

¢ Diagram

T runner
f
i
n
1
10 ¢ y
h
)
e Variables photographer

Let x = distance from runner to finish line at time ¢
Let y = distance from photographers to runner at time ¢
Let & = angle hetween camera focus and finish line at time ¢

Find % =7 when z = 8 feet
dz ft
and — = —4—
dt sec
e Equation relating the variables:
P
tant = 1 0
e Differentiate both sides w.r.t. time ¢.
dé 1 dzx
dt  10dt
¢ Extra solvable information:

2+ 100 = 4% = y = /164

c?8—

10 V164

Finally, read sec# off of the triangle.

V164
10
e Substitute Key Moment Information (now and not before now!!!):

Here secf =



V164 240 1
(T) =10

s Solve for the desired quantity:

dé 4 (100) | 10rad

dt 10 \164

41 sec

. . . 10 ..
» Answer the question that was asked: The camera is rotating at a rate of i radians every second.

8. [15 Points] Let f(z) = (z — 2)2%e®.

For this function, discuss domain, vertical and horizontal asymptote(s), interval(s) of increase or
decrease, local extreme value(s), concavity, and inflection point(s). Then use this information to
present a detailed and labelled sketch of the curve.

Take my word that lim f(z) =400 and lim f(z) =0.
Ir—o0 T =00

Also take my word that fllz)=z(z—-2)e¢ and f"(z) = (z? - 2)e.

¢ Domain= R.
It has no vertical asymptotes.

e There is a horizontal asymptote for this f at y =0 because lim f(z) = 0.
T—+—C0

e First Derivative Information

We use the given derivative f'(z) = z(z — 2)e* to find critical numbers. The critical points occur
where f’ is undefined (never here) or zero. The latter happens when z =0 or z = 2.

Using sign testing/analysis for f/,

f! ® o -
o .
0 2
f 4 local N local 4
max min

So f is increasing on the intervals (—o0,0) and (2,00). and f is decreasing on (0,2). Moreover, f
has a local max at z = 0 with f(0) = 4, and a local min at z = 2 with f(2) = 0.

e Second Derivative Information

Setting the given second derivative f” = (2% — 2)e® = 0 we solve for our possible inflection points

z =+V2.

Using sign testing/analysis for f*,



£ @ e @

& .
;U2 V2o
infl. infl.

point  point
So f is concave down on the interval (—v/2, v/2) and concave up on (—oo, —v/2) and (v, 00), with
inflection points at (—v2, (—v2 — 2)2¢=V2) and (v2, (V2 - 2)2¢¥2). ( yes, not nice values...)

e Piece the first and second derivative information together

Sketel: See Next quc,

9. [20 Points]
(a) Consider the region bounded by y = €® + 1, y = 4, and = = 0. Sketch the bounded region.
See me for a shaded sketch. It is the area bounded by the three curves below.

Note that the curves intersect when 1 + €* = 4 which is when e = 3 which implies z = In 3.
Sketeli: Sece Next Page .
(b} Compute the area of the bounded region in (a).

In3 In3

In3 In3
Area=/ top — bottom d:1:=/ 4~(e®+1) d:1:=/ 3—efdz=3z—-¢€"
0 0 0

=(3In3—-e") - (0-€") =3In3-3+1=(3In3—2|Z{In27 2]

o

(c) Compute the volume of the three-dimensional solid obtained by rotating the region in (a) about
the z-axis. Sketch the solid, along with one of the approximating washers.

See me for a sketch. See Nexf \Dﬂuj e .

In 3 In3
Volume= [ w[(outer radius)® — (inner radius)?] dz = / 42— (1 +e°)? dx
0 0

9
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In3 In3 In3

=7rf 16—(1+2e’+82”)dm=7rf 16—1—2&"—62”d:1:=7rj 15 — 2e% — e dz
0 0 0

In3

= n[15z — 2¢% — 3e®]| =7[(15In3 — 23 — 1e2M3) — (0 — 2¢0 — Le%)]

=n[15In3 — 6 — £eG%) 42+ 1]

=7[15In3-6—-3+2+ 3] =n(15In3-4— §]| ==[15In3 —4 — 4] = #[151n3 — §]

(d) Consider a different region bounded by y = sinz, y = 1, x = 0 and z = g Sketch the
bounded region.

See me for a shaded sketch. It is the area bounded by the four curves below.

Skeltlh: See Next 'Pa.ﬁ(.

(e) Set-Up but DO NOT EVALUATE the integral to compute the volume of the three-
dimensional solid obtained by rotating the region in (d) about the horizontal line ¥ = —1. Sketch
the solid, along with one of the approximating washers.

See me for a sketch. $or, NexT \0A7C )

m

Volume= f ’ n[(outer radius)? — (inner radius)?) dz =|= [ “9?2_ (1 +sinz)? dz
i ]

(f) Consider a different region bounded by y = Inz, y =0, y = 3 and z = 0. Sketch the bounded
region,

See me for a shaded sketch. It is the area bounded by the four curves below.

(g) Set-Up but DO NOT EVALUATE the integral to compute the volume of the three-
dimensional solid obtained by rotating the region in (f) about the y-axis. Sketch the solid, along
with one of the approximating disks.

See me for a sketch. See Nex 1 P“"]f .

Note that y =Ilnz = z = e¥.

3 3 3
Volume= / 7( radius)> dy = m / (e¥)? dy == / e dy
0 0 0

10. [15 Points] Consider an object moving on a number line such that its velocity at time ¢
seconds is given by w(t)} =12 — 2t feet per second. Also assume that the position of the object
at one second is three feet.

(a) Compute the acceleration function a(t) and the position function s(t).
alt) = v'(t) = ft/sec

3
s(t)=/v(t) dt=/t2—2tdt=%—t2+0

10
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Use the initial condition s(1) = 3

1 ot Rt
s(l)—3 1+C=3=C= 3
3

Finally, s(t) = %——t2+%

(b) Sketch v(t). Next sketch |v{¢t)].

Sketch for v(t).
Sketch for |u(t)). SC « Next \oan ¢

(c) Compute the total distance travelled for 0 < ¢ < 3.

3 3 2 3
Total Distance = / lo(t)| dt = / 12 -2t| dt = f 12 — 2| dt + / |2 — 2¢] dt
0 0 02 2 3
=/ —(t2—2t)dt+/ t? -2t dt
0 2

T
- (—§+4) —(0+0)+(9-9) - (2—4)

8 8
——§+4—§+4

A
=—— 4t
3 +

11. [10 Points] A population of bacteria was growing exponentially. Initially there were 2 cells.
After 1 hour there were 8 cells. How many cells were there after 4 hours? When were there 128
cells?

The solution is given by P(t) = P(0)e*t. We know P(0) = 2, P(1) =8, P(4) =?, P(?) = 128.
First set P(0) = 2. The solution becomes P(t) = 2e*t.

Next use the given information P(1) = 8 to solve for k.

P(1) =2 = 8 Then ¢* =4 = k = Ind.

The solution now becomes

11
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P(t) = 2ellnd)t — 9ptlnd — g lndt _ o 4t

Now use this equation to answer the last two questions:
P(4) = 2 - 4% = 2(246) = 512 cells.

and

P()=2 4= 128 = 4! =64 = ¢t = 3 hours.

|There are 512 cells after 4 hours, and there were 128 cells after 3 hours.
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